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ABSTRACT

In computer science, the algorithms related to geometry can be exploited in computer aided geometric design, a field in computational geometry. Bézier
surfaces are restricted class of surfaces used in computer science, computer graphics and the allied disciplines of science. In this work, a computational
approach for finding the Béziersurface related minimal surfaces as the extremal of mean curvature functional is presented. A minimal surface is the surface
that locally minimizes its area and has zero mean curvature everywhere. The vanishing mean curvature results in a non-linear partial differential equation for
a minimal surface spanned by the boundary of interest and the solution of the partial differential equation does exist for very few special cases whereas, the
vanishing condition of the gradient of the area functional is in general not possible as it involves square-root in its integrand. Instead, we find the vanishing
condition of the gradient of the mean curvature for a related problem, Plateau-Bézier problem that gives the constraints on the interior control points in terms

of boundary control points of the prescribed border. The emerging Bézier surface is the quasi-minimal surface as the extremal of mean curvature.
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1. INTRODUCTION

The Plateau’s problem [1-3] (named after the
Belgian physicist Joseph A. Plateau consists of finding a
minimal surface amongst all the surfaces spanned by the
same given boundary, is one of the earliest optimization
problems of calculus of variations. The Plateau’s problem,
the problem of finding a minimal surface has attracted many
mathematicians in the field of optimization and they have
contributed significantly in the field, Schwarz [4], Riemann
[2], Garnier [5] and Weierstrass [2] are few to name in the
early 20th century. Lagrange studied the variational problem
of determining the surface z = z(x, y) of least area stretched
across a given closed contour in 1762, which gave rise to
minimal surface theory, the Euler-Lagrange equation for a
surface in the form z = zXx, y) is given by

(1+ 2 ) z,-22,2,2, + (1+ z; ) z, =0, however, the equation

has solutions for the special cases not the general solution z
= z(x, y), which could be called the minimal surface.
Classical examples of minimal surfaces include, the plane,
the catenoid obtained by rotating a catenary once around its
directrix, the helicoid which is a surface sweptout by a line
spinning at a constant speed around an axis perpendicular to
the line and travelling at a constant speed along the axis. The
early work, however, was a bit confined to minimal surfaces
with specific boundaries, until in 1931, Douglas [6] and
Rad’o [7] independently proved the existence a of minimal
surface over closed contour of curves by finding the extremal
of Dirichlet functional rather than the non-linear area
functional, the integrand of the area functional involves its
square root and in general it is hard to solve the integral. With
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the use of various numerical techniques in the last century,
quasi-minimal surfaces are also used as the solution for
Plateau problem. Other energy functionals different from the
area functional can be used to find the quasi-minimal surfaces
for a certain specific class of surfaces such as B ezier surfaces
which rely upon the Bernstein bases functions and the other
forms of bases functions, which are called modified Bezier
surfaces. A B’ezier surface is one of the restricted class of
surfaces defined for a control net of points P ={P }7% .
x[l.‘.t'}ZZZB_:”[U}BEH']R&- (1.1)

J=0k=0
where B;" (u) _ [n.]}uj (1_u)m*i ,jel0] - are the Bernstein
J

polynomials, P, are usually called the control points of

Bezier surface. Bezier surface models are used as appropriate
tools to describe the physical phenomena and they can assist
prediction based computational models in addition to the
other possible models meant for effective machine learning
of available data [8-11]. A notable problem in geometry is the
Plateau Bezier problem to the Bezier surface of least area
among all the Bezier surfaces spanned by the given control
points of its prescribed border. Monterde [12] exploited the
discrete version of Dirichlet functional for obtaining the
corresponding minimal Bezier surface as the extremal of the
Dirichlet functional. Chen et al. [13] and Hao et al. [14]
studied the Plateau-Bezier problem for its solution for Bezier
surfaces spanned by boundary curves of higher degree
polynomials as the extremal of extended Dirichlet functional.
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Monterde and Ugail [15] proposed a general biquadratic
functional whichincludes functionals already found in
literature for the surfaces as the extremal of this functional,
namely the Farinand Hansford functional [16], standard
biharmonic functional of Schneider and Kobbelt [17] and
Bloor and Wilson's modified biharmonic functional [18].
Ahmad and Masud [19-21] suggested an ansatz for an
iterative scheme to find variationally improved surfaces as
the extremal of rms of the mean curvature of the surface, in
particular a Coons patch, by an iterative scheme to minimize
the mean curvature functional. Xu et al. [22] gave quasi-
harmonic Bezier surfaces as the better approximation for
Plateau-Bezier problem by making use of the fact that
minimal surfaces can be associated to harmonic surfaces
since a harmonic surface with isothermal parametrization is a
minimal surface. The extremals of energy functionals namely
the Dirichlet functional, extended Dirichlet functional, quasi-
harmonic functional, extended quasi-harmonic and Willmore
energy functional [12, 13, 22-26] are useful to obtain the
quasi-minimal surfaces for one or the other desired feature of
a surface. In our work, we intend to find the corresponding
minimal Beezier surface as the extremal of utilize the mean
curvature functional by finding the vanishing condition for
the gradient of the mean curvature functional that results in
constraints on the interior control points as the linear
combination of the boundary control points. Since a minimal
surface has a zero mean curvature identically, it motivated us
to find the extremal of mean curvature functional of a Bezier
surface with respect to its inner unspecified control points to
obtain a system of equations of control points of a quasi-
minimal Bezier surface. The paper is organized as follows:
The related preliminary terminology for the Bezier surfaces
and useful properties are provided in section 2. In section 3,
we discuss the mean curvature functional for a surface and
show that how it can be utilized for generating a minimal
surface and in the section 4, main scheme of the iterative
process is discussed, and conclusion and final remarks are
given in section 5.

2. B'EZIER SURFACE AND SOME RELATED
PRELIMINARY TERMS

B’ezier surfaces are quite frequently used in
computer aided geometric design(CAGD) for its intuitive
geometric properties. Let us state few basic results related to
Bernstein polynomials, B ezier surfaces and related integral
properties of Bernstein polynomials. The Bernstein
polynomial of mth degree form a complete basis function
over [0, 1] and are defined as,

BT (u) = (”}.’) W1 —uw", je,1] (2.1)

mJ m!

i) Jdm-j)!

is a polynomial in Bernstein form, named after Sergei
Natanovich Bernstein [27]. For instance, the Bernstein

where the binomial coefficient are (
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polynomials of  degree m=5 namely
By (u),B’(u),B; (u),B;(u),B; (u) and BZ(u)
are shown in Figure 1. A Bezier curve is a parametric curve
which is used in computer graphics and related fields [12,

28]. The Bezier curve depends on Bernstein polynomials
(2.1), used as the blending functions or the basis

of a B_ezier curve with a a set of (nN—+21) control points
(also called Bezier points) denoted by P,,P;,P,,...,P, . A
Bezier curve of degree N is given in the form

x(u) = Y BT (u) Py,

j=h

(2.2)
are called Bernstein coefficients or

B"(U) (eq. (22)) is the
m j,mez

the coefficients p
Bezier coefficients and
for

Bernstein operator of order

(0< jJ<m) for UE[O,]_].

Lol Bensteln pol
1 Vit M5 () = 1001

surfaces  X(S,t) (eq. (1.1)) are the higher

dimensional generalization of B¥'{e}zier curves (2.2 for a
j,k=0

m,n
i3
the blending functions
B/ (s)B; () =B]{" (s,t):R* >R where B'(5)

Bezier

given set of N+1,M+1 control points { for

and Bkm (t) are Bernstein basis functions given by the eq.
2.1)for 0<s,t<1. The product of two Bernstein basis

functions B;" (U) and BI? (U) can be written in terms of

the Bernstein basis function of higher degree,

)
)

The first derivative of the M™ degree Bernstein polynomial
is apolynomial,

T

(3)(

!
\

(m n

itk

n
ke

BT (u) BY (u) = BT (w). (2.3)

DBy (u)] = m (BYS (u) = B~ (u)) D = dfdu

(2.4)

of lower degree and it is of degree M—1. The second

derivative of the m" degree Bernstein polynomial is
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o2

du

[BI* (w)] = m{m—1) -B;-”__\! {u) — '.’B_:’]E (u) + BJ'-"_2 (u)].

We can find the higher derivatives of the Bernstein polynomials by utilizing
the eq. (2.4) and (2.5) by the following generalized formula,

y minip) . X
DB (u)= " 1k [i_)n"_;'w . (2.6)
=PF e (hd+p—n)
Indefinite integral of Bernstein basis is given as
1 m+1
fBj"[.u]n'H_ e Z B;"'Hl:u}, (2.7)

k=j+1

whereas all the Bernstein basis function of same order have the same definite
integral over the interval [0, l] and it is given by the following expression,

1

" 1
jB" ‘lr}rhl_m

(2.8)

. _ m,n
For a control net of points P _{qu}p,q:O ,
definedby

eq.(1.1)
B (u) -

polynomials given by eq.(2.1). We need to find the partial derivatives of the
Bézier patch eq.(1.1) w.r.t its surface parameters U,V and the control

the Bézier surfaces are

the for

Uj(l—U)m_j, 16[0,1] , the Bermnstein

a
pg
functional eq.(3.10). Let us write the expression for the partial derivative

points (X ) , a =1, 2,3 for the gradient of the mean curvature

u
ox2
pq
i !
i 7 (8 : ap,
e R (—, .x]) = (X BB ,',")- (2.0
e‘)‘.rm i Firgg i S g
where
0P 8 e, ¥ j=pand k=g {(he Brtors) T
gy g, 0. % j#Fpor kg (#ero vector k=)

0 ox

For =— , and using egs. (1.1) and (2.10), we can express
a a
0Ky OU OXy
OX,
P a in terms of Bernstein polynomials as follows
qu
::u T'ﬁ (\_I: l:u, () I}{'-{-:-J'.-,) % (B2 (u) By (v) &), ¥j = p,k =, (2.11)

0 m m-1 m-1
knowing that a—u( Bp (U)) = m( Bp—l (U) - Bp (U)) , the
last equation (2.11) can be written as

ey,

e mBy (v) (B;," 11 (u)— By 1 u)) e
UTnn
rq
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OX
Similarly the partial derivative P a of the Bézier patch can be written
X
pq
as
ax, - F— X . — oo
5 =08y (u) (BT (w) — By~ (u)) e°, (2.13)
Trg
and one of the second order partial derivatives is
Ox o (2.5
LR (\ (B (w)), B (v) Pu
:Lr"‘w \'r‘l‘d ot "
- ," (;,_V_”m.:,., 1) [B™3 () — 2B™5 (u) + B2 (u) ]/r;n.n/-.a) AT

3 () 4+ B3 Br vy 2
1 (u)+ B (u)]) 3 () 5z

Pe

=m(m 287 (u) + B2 (w)]) BY (v) e
similarly other second order partial derivatives can be computed. Note that,

the forward differences of ij are

AY P

e I

For the partial derivatives of the Bézier patch w.r.t the surface parameters
U and V, note that

X, (u,v) = EZ (B (u)), BE (v) Py

J=0 k=0

=my % (B () — B (w) B (v) Pie [2.16)
=0 k=0
m-l n
=m ST B () BE (0) A P,
=0 k—u
and
X, (u,v) = 5_' )_ B (u) (B (v)) th-!
720 hett
=ny Y HP () (87 (0) - B (v)) (217)
4= h— )
mon-l
= I'J>_‘2_ BY (u) By (v) A" P,
g—0 k-0
Thus, we have
m—1 n
X lwv)=m Z Z B;“'l () B2 (v) AP,
=0 k=0
mon—1
Xulw,v) = ”Z Z BT (w) B~ (v) AMFon
Xuu (0] = m(m —1) 33" B (u) B (v) A* P 2.18)
r=0 I=h
m—1n—1
X (8,1) = mn E Z B u) B0 (u) At Ey
r=0 =0

Xow (1,0} =7 (n—1)

NN B () BT (v) APy

) I=0

The partial derivatives given in eqs. (2.18) that of Bézier surface eq. (1.1)
give us the fundamental coefficients
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P \ \
-1 fu) B ..] AP, (\__ Y B (W B J AP,

A e ow
(an:l (u} By | )-A P AMP)
to get
V(e (. % TE (W) B ) (AYP, AYPLY
L 8 \
1) = (X} = L) B L}‘)‘ By fu) B (0) | (A1 ARy, (220)
= ol 4
" (X0, T{w) | (A" P, A P}

Using egs. (2.18), normal
surface,

to the Bézier surface eq. (1.1) at a point on the
in terms of Bernstein polynomials can be

expressed as

which can be re-written in the form,

m—lmmmun-—|
X, % %, = min Z X B () By (o) B () By () (A By, A P ) (2.2

f k=0 g h=0

In the section below, we find the quasi-minimal Be'zier surface as the
extremal of the mean curvature functional given in the form eq. (3.10).

3. MEAN CURVATURE FUNCTIONAL FOR A SURFACE

Minimal surface problem or Plateau’s problem consists of finding a surface
with least area among all the possible surfaces spanned by the given closed
contour. The basic objective is to extremize the area functional, however the
area functional is non-linear as it involves square root in its integrand.
Therefore, we aim to extremize a functional with the numerator of the mean
curvature H as its integrand. This functional is more convenient than
minimizing directly the area functional

Ajx) [{ |ul, v) x xofu, v)| dudy, (3.1)
4 4D

2
where D [ is the parametric domain for the surface X(U,V) R
with the boundary condition X(aD) =T for 0<UuU,v<1 and

X, (U,V) and X, (U,V) are the partial derivatives of X(U,V)
with respect to U and V . It is known ¥cite{docarmo} that the first
variation of A (X) vanishes if and only if the mean curvature H of

X(U , V) is zero everywhere. Thus a minimal surface is also a surface of

least (zero) mean curvature spanning the given boundary. Thus we can use
the mean curvature functional for the same surface in place of area functional

for the least area.  For a locally parameterized surface X = X(U ) V) , the

first and the second fundamental coefficients are,

Gy = X Xy), 0, = (X X0 and g, = (%%, (3.2)

b= Xud, by = (mx,) and by = (0, %0, (3.3)
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My, P
niu,v) = X XXy (3.4)
|3, % %y
is the unit normal to the surface X(U , V) and
C guabiy — 2g1sbua + guiba )
H (u,v) = S22~ 291200 7 s (35)
2 (ggee — 9i2)

is the mean curvature. The mean curvature(3.5) by virtue of the egs. (3.2),
(3.3) and (3.4) can be written in the following form involving the partial
derivatives of the surface,

(i) = 10 o o) 6, X} = s X X, Ko} b (% % X, Xew) (X s Xu) -

Moanim

2
where, the denominator gllgzz - glz of the mean curvature (eq. (3.5)

or (3.6)) is always greater than zero for a surface for the real parameters U
and V . For a minimal surface, the mean curvature (eq. (3.5) or (3.6))

vanishes everywhere on the surface which is possible only when the
numerator of the mean curvature is zero. Thus, the extremals of the
numerator of the mean curvature eq. (3.6) gives a surface of least area. We

aim at finding the quasi-minimal Bézier surface X(U , V) (eq. (1.1)) as the

extremal of the functional,

Al
TPy = / / (o, ) dude, (3.7)
S0 J0

where ﬂ(u ) V) is the numerator of the mean curvature eq. (3.6),

il v) = ey (v} — 20 (1) + pg (u.v), (3.5}

and ,Ltl(U,V) . My (U,V) and [ (U,V) denote its constituent

parts for convenience,

The eq. (3.7) along with the eq. (3.8), is then written in the following
convenient form,

TP flj” (ae, ) = 2pea (o) + prg (g 0)) dvedor. (310
R

The above mentioned mean curvature functional is tested for the special
class of surfaces, namely Bézier surfaces to get a quasi-minimal Bézier
surface as the solution of Plateau Bézier problem by solving the vanishing
condition of gradient of mean curvature functional for the interior control
points.
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4. EXTREMAL OF MEAN CURVATURE FUNCTIONAL FOR A
BEZIER SURFACE

In this section, we find the minimality conditions for a B ezier surface where
the interior control points are controlled by the prescribed boundary control
points of the surface patch by utilizing the functional (3.10) and the
constraint equation is given in the following theorem.

Theorem 4.1. For the prescribed boundary control points Pgj, Prmj, Pio and Piq
in R® of the two dimensional B"ezier surface with the coefficients,

ru.'l 1
tin—1 vin—1 ren vm 1 ‘
B e = € CTTICRCT (( 3 - {4.1)
“rb e —1 -
[ it on-1
Bl = O OF I ORCE, | g Tt ) (4.2)
kg ke [’.r-+r-—r-.—;-_.___..,_| f.,,_,.+,.|_l___+,|.

(4.3)

(4.4)

~, {43)

the Bézier surface Bi?'m (U ) V) is quasi-minimal Bézier surface if the

n-1,m-1

inner control points {P” i satisfy the following constraint the

following constraint

Proof:

Let us compute the gradient of this mean curvature functional eq. (3.10) with

respect to the coordinates of the inner control  points
1 2 3
Py = (Xoq Xogs Xpg) - For any aefl,2,3}, pefl...m-1,
ged{l,...,n—1}, the gradient of the mean curvature functional is given by
d::-rltpl = 2 /\'_;rl (ay 0} — g (100 v) + pra (0, 0)) ducdys, 14.7)
i,
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where /Jl(U,V),,UZ(U,V) and /,JS(U,V) are given in eq. (3.9).

We can rewrite the expression for the gradient of the numerator of the mean
curvature as

43 (P

{4.8]

The gradient of the first fundamental coefficients of the Bézier patch w.r.t.

. a 1 2 U3 L.
the control points (qu) —{qu,qu,qu} is given by

=i
a8 e e m N BY
: . 1

Sl

(R ) = m BT (u) — B

e By (o)A Py,

m-ln
=t 37 BNl BE (e B ) — B ) B )

APy,

= mn( (B (u) — BN up) B (v Hudle, A" B0+ (4.4

{3, %t = Dl B (o) — B ()P () e,

B () By () A Pyg ).

where €% , a E{l, 2,3} , denotes the ath vector of the standard

basis, i.e. el :{1, 0, O},e2 :{0,1, O},93 :{0,0,1} . The

gradient of the normal vector can be computed as,

a ) & fx ) . a [ ox
Xas X g ) = X Xo Xu X o
et (% ihu (t'.fr:"” BT (e'a.r;;.l

{4.110)

Plugging in the expressions ﬁxlﬁxzq = Bpm (U) B’ (V)ea ,

q
0By (u)/ou=m(By} (u)-By*(u)) and
aB: (V) [ov = n(B(r;:ll (V) — B:_l (V)) along with the partial

derivatives of Bernstein polynomials in above eq. (4.10), reduces it to

mn—1 i
it v 2 )
:‘:;Tus;r'..,:-ﬁ;; (” 3 B (u)B; 'c;-:--_\.”m..)

0 h=0

(4.11)

+ (Ir.- b g II:.'(]!'J':(."I_\“';—’.;'.) * %{H;‘!"in] By (v) ")
2o T i Tu Vo

§i=0

this implies,

Xy X X mu . 1.12

() B () (A Py, x e



Ahmad et al. VFAST Transactions on Software Engineering
9-4-2021

. . \ " "
The gradient of the term <X X, XX > can be computed as B v s say e R e e B0 MG T ) (416
uu?tu A d“"r:q l‘).:;q iJ:l.:._‘,a
i Ky iy XXy p
_—i'xw.xuxx.]=<—.x xx,.>+<xw.—>. (4.13)
dzg, b v) [ " et and thus,

By inserting 0X,, |, =m(m-1)(BY7 (1) - 2B (u)+ By *(u) B (1)

along with the gradient of normal vector as computed in eq. (4,12), above .
equation reduces to (A1 B8 P AT (e AP - 'J"‘("}E'n--- i ‘U,I) (

Y arwar i

il =t

L ) 17 ()

Bt - a8 ) B Y By -u;nru--_:(
e

SRl el TR e U]

e
By(w) ¥ B (w) B () (e APy x AT P} (A% Prw, A" P

e =)

mdn
3 B B ) (B ) — By M)

& ((Xaw: Xu X *y)) _ s 1 i
O3, - E rs;'.-._‘-.lr;"'..;-) (AT o ARLELLY CAT L AR 'z Y ) (0] 5 0]
/ rmeln N h wi=tl
(B3 = 287w + B Byio) Y B () By (o) 3 By (uhx e o e
1=t ga=0 ()= ) E B0 () B ) ( E A lu.u;\"'u.) (AR LAV P x ety (A™ Py AM LY
m-2n i =0 ph=t
B (W) AP x AP} + S B2 (w) B (0} (B (0) - B (w) (4.14)
m(m - ) oy -~ i (4.204
Biw) 3 By (6B (0) (APPie® x ABu)+ Y B () BY (v}
= =)
nim and thus,
By (B (e) - By () X0 BY ' (u) BY (1) (AT P, APy x ")
=
B il
G il
Knowing that, e 1L [l [1 S A ] B Y B S A (VP S 0 S AR (Y o B G0 85 (e
et i .
% }___ I2% () B () A" P w AT 0 A (e AT ) =t i = 1 }: B ) 7 ()
t"!x:I = mne® [B;_','[tr} =By L) {B;,'f_',]{u] - B;,”"l(tr)] ” (4.15) P S, A
Py B0 Y B e ml (v (B e - 38 4 B el Bl 3T BT G B e (e AT AN P}
itz =
(AM P, A P )+ 37 BTF G B e (BT ) - BT o} B

helps us to find, i

B imh By (A" Pre® x &% Py ) (A P, A" P}

. =t
R N T T

ol ) D e B0 () (AT AP x ) (AT A P

m-1n L (421}
(BE= o= By M) (B3 () - Bp ') X BEMuBRte) X BY (B (o

=1 a0

ppon . . .
(oA E AR 4 Se B () B () (B ) = B ) (o) - Let us integrate the ~above expressions by using the property of
e ra=n Bernsteinbasis polynomials as mentioned in egs. (2.3) and (2.8), we get
S B B (A P < A% Pe) + Y B il ) (B2 (0) = B2 )
" "

ntim - Lpn? VAN it i Y =1 e L e
Similarly, knowing that {5 — 2)5n =2 ,Z .Z,E. Z_: ( e *]( i }( ha )m

pritmtptr

- ] HAY B AR AP A )+ Y T

e e

Gz CF)
O Bls, = 1 (1= 1) (BYZ3{0) = 2872 (0) + BE*(v)) By (u) {4.17) (l:k T

P L+t g

EEOEEEEEIEI00 L

a1 ha=n [ k=0 ¥
T di g b ey bbb b

] (7% A e B oy, 11A™ Pagng, & Py i 4

=

gives us

+P,

A{x, ., x, =x,)]

s,
i el gl = Z ks Z (m .-) {.] , N
(B3 le) =28y + B M) B ) S B ) B o) Y B () ST gy il gy Fac gttt & T LN
=] =il
- w1
Bo () (e AN x A" P + ;_:" By () By () (B ) — Bt () = (18 ( {M’_a) )c_ﬁ'u‘.-‘ o AT Py AT Pyngy A" By,
win=1)m . Ttatmtaty,
B (w5 '-.r-|) (AM P e x AMPLY }_‘ B () B2 ) B ) 5 2 v . T
L ’ - , ’ m mYy [ n ny w1 -1 \
ph=o o (:r'l} L':,) {i\‘) (4) (\\J( I ‘H I } ( g ) { B
il T vkt bt g -1 YRR e
(BImi () - Bi-'v)) z B~ (u) BE (v} (AP, APy % %) (AFE A, AT R AT
e az
Therefore, gradient of the first term of the mean curvature functional, eq. and hence

(4.8) can be computed by substituting the eqs . (4.14) and (4.9) in it, so that
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é
j ;}-{EJ:,[“. ridiedn =

P e L R e BT

=1 n=1 1
3006
o

" HAME, x AP, S et A P, )4 "*) wy
wny wile aeha ! w) \m

A= i g gy

5 4 L
(n\---h,uu—.'-r;-l {un.-h-.’-q
n=1\ fn-1 (u—l m—'z (u:—'_
(m] (m = J} e e p—) =1
i) 4 ( G — 1 ) ( Sm—13 )
rnlr--nu-a-'.’ R R R
{m = 2}
L P o b Mg . sl . m=2% t " =1
L st i a0+ (00 () () () (7) (M) >

('.u y x?:run1 i+ a') 1
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Substituting eq. (4.26), eq. (4.33) and (4.40) in eq. (4.7), we find that

Lo =l el el e

(ATt

T R P PR ]

e = 1

A e AP e AT AR ATE, )

O it Wit 0 1 7 P 3 AP VAT Bty A% Proned + 3750 g e wg g AT Prey 6 3 AT B, )
1.5
8" Pt 8% P X7, g B (2B 81083 6T HAP B A Py} ~ PGy
b et et st i) ahir Lk
E Z Z b s oo (AT P A% P A B (e A Py, b+
i1t rd=0 by ey =0 e A=

(AN Py et "‘" £

(AR AR

IR =) TR T !

LA Py s AP (T 0y 819 Pygy 425 (819 Py, 871 Pyn, A (e, AP,
SR AR e ) (AR ATE Y

(8" P A P, ) +
(AP AN Py + ]

il g VMR 50 B, AT ) (A B e
ety (6 BT Py % AMP b (A1, AT P ) )

g

! T (AT, 1 AT AR, AMEL

[441)



Ahmad et al.

VFAST Transactions on Software Engineering

9-4-2021

The mean curvature functional (3.7) has an extremal if and only if

M (P) o @ e{1,2,3} for a particular set of control net of points
o

P ={Pij}:’jr10 of the corresponding  B\'{e}zier surface, for which it is

a quasi-minimal, gives us the constraint eq. (4.6).

5. CONCLUSION

The mean curvature functional (3.10) is exploited to
find the quasi-minimal B ezier surface x(u, v) as variational
improvement in it by finding the vanishing condition for the
gradient of mean curvature functional by finding the interior
control points as algebraic constraints on the boundary

158

control points. For a quasi-minimal B"ezier patch, the control
net of the patch must satisfy the constraint (4.6). It is obtained
by finding the gradient of mean curvature functional for the
patch with respect to inner unknown control points and
setting it to zero, given in theorem 4.1. The algorithm
presented is rather computational in its nature and suitable
programming in computer algebra system can find the
minimal surfaces of desired degree and accuracy.
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