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ABSTRACT. From the fundamental theorem of homomorphism, it is well known that any

homomorphism of groups (or rings or modules or vector spaces and of general
universal algebras) can be decomposed as a composition of a monomorphism and an

epimorphism. This result can also be extended to general functions defined on abstract

sets; that is, any function can be expressed as a composition of an injection and a

surjection. The main theorem in this paper called ‘Fundamental Theorem of Functions’
provides the uniqueness of such a decomposition of functions as a composition of an

injection and a surjection. The uniqueness in this theorem is proved up to the level of
associates by introducing the notion of an associate of functions

Keywords: Injections, surjections, composition of functions, associate of a function,

uniqueness up to associate.

1. Introduction. It is well known that, if f: G — G is a homomorphism of groups (or rings or modules) the
quotient group G/kerf is isomorphic to the image of f which is a subgroup of the codomain group G'. This

isomorphism g is simply induced by f, in the sense that, g can be defined by g(a + ker f) = f(a) forany
coset a+Kkerf,a€ G Also, we have the natural epimorphism h: G — G/kerf’ defined by h(a) = a +
ker f for all a € G. In other words, we have decomposition f = go h

G/ ker f

Figurel: Decomposition of a homomorphism of Groups

where g is a monomorphism and h is an epimorphism. This is known as the Fundamental Theorem of
Homomorphisms [1- 4]. This result can be extended to any homomorphism f: A - A" of universal algebras of
the same type by considering the binary relation 8 on the domain algebra A defined by,

0={ab eAxA: fla)=fb)}

and the quotient algebra A/e. In the general case of universal algebras, this 6 is defined as the kernel of f and

is actually a congruence relation on the domain algebra A and A/G is the set of all congruence classes of
elements of A corresponding to 6. In the familiar cases of homomorphisms of groups (or rings or modules)
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the kernel of f is a normal subgroup (or an ideal or a submodule respectively) of the domain and the
congruence classes are precisely the cosets of the conventional kernels [2, 5, 8]. In all these cases there is an
order isomorphism of the set of normal subgroups (or ideals or submodules) onto the set of congruence
relations on the domain algebra. In this scenario, we can say that any homomorphism f of algebras of any type
can be decomposed as a composition of a monomorphism and an epimorphism.

It is a natural question whether this can be extended to general functions between abstract sets; that is, fora
given function f of a set A into another set B, can we express f as g o h, where g is an injection and h is a
surjection? If so, what can we say about the uniqueness of such a decomposition of f?

2. Method/Approach
For any sets A and B and a function f: A — B, let us consider the binary relation 6 defined by:
0={kxy) €AxA: fx) =)}
Then 6 becomes an equivalence relation on A. Also, the natural map h: 4 - A/Q, defined by h(a) = 6(a),

the equivalence class of a corresponding to 6 is a surjection and the function g: A/g — B, defined by
g(@(a)) = f(a) for all a € 4, is an injection. Now, we have f = g o h.[3, 6, 7]

To discuss about the uniqueness of the functions g and h in this decomposition, we first define the notion of
an associate of a function and we will prove the uniqueness of such a decomposition up to the level of
associate; that is, if a function f can be decomposed in two ways as goh as g'o h’ where g and g’ are
injections and h and h’ are surjections, then we will prove that g and g’ (respectively h and h') are associate
to each other. This says that, the decomposition of a function as a composition of an injection and a surjection
is unique upto associate. In this vein we can generalize and unify all the known fundamental theorems of
homomorphisms and those isomorphismtheorems.

3. Fundamental Theorem of Functions

As explained earlier, since the uniqueness of the decomposition of functions as a composition of an injection
and a surjection is taken up to the level of associates we should first define the notion of an associate of a
function in a formal way.

Definition 3.1: Let A, B, C and D be any nonempty sets and f: A —» B and g: C — D be any functions. Then
f is defined to be an associate of g, if there exist two bijections a: C — A and [:D — B such that, the
diagram

g
Figure 2: Two associate functions

is commutative; in the sense that, f o = f o g, and we write f ~ g to say that f is an associate of g.
Following the above definition we can observe that the binary relation is an equivalence relation on the class
of all functions. Furthermore, if any two functions are given to be associate to each other, then we can draw
the properties of functions like injectivity, surjectivity and bijectivity which is held in one of the two associate
functions to the other. The theoremis given below
Theorem 3.1 (Fundamental Theorem of Functions)
Let A and B be any nonempty sets and f:A — B be any function. Then
1. There exist a nonempty set X, a surjective function h: A = X and an injective function g: X —-B such

that;

f=g°h (i.e. f(a)= goh(a)foralla € A)
This property is known as decomposition of functions and
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2. This decomposition is unique up to associate, in the sense that, if f can be decomposed in one way as
f =geoh; where h: A - X is a surjection and g: X — B for some nonempty set X, and if f can also be
decomposed in another way as f = g'oh’ where h"A— Y is a surjection and g"Y — B for some
nonempty set Y, then g and g’ (respectively h and h') are associate to each other (or g~g'and h~h’).

Proof:

1. Define a binary relation 6 on the domain set A by:

0 ={(a,p) e AxA:f(a) = f(b)}

Then it is clear that 0 is an equivalence relation on A.

Let x = A/g = {0(a): a € A}; be the set of all equivalence classes of A corresponding to 6, where 8(a) =

{b € A: (a,b) € 6}. Now consider a natural map h:A — X defined by h(a) = 8(a) for all a € A which is a

surjection. Also it is trivial to see that a mapping g: X — B defined by g(@ (a)) = f(a) forall 8(a) € A/e,

a € A is an injection.

Now for any a € A, consider;

goh(a@ = g(h(@)

= g(@(a))
= f(a)

Therefore g o h = f, and this is the required decomposition of f.

2. Next we prove the uniqueness (up to associates)

Suppose that f = go h be a decomposition of f, where h: A — X is a surjection and g:X — B is an

injection for some nonempty set X, and let f = g’ h'be another decomposition of f, where h"A — Y is a

surjection and g":Y — Bis an injection for some set Y.

Claim 1: h~h’ (or h and h'are associates)

v
to

Figure 3: Two decompositions of a function f
Consider the identity map I, on A, which is a bijection. On the other hand, since h': A — Y is a surjection,
every element of Y can be expressed as y = h’(a) forsome a € A, define a function a:Y — X by
a(h(@) =@ forall k(@ €Y where a € A.
Then we prove that,
a) ais well defined
For any y,, y, € Y there exist a, and a, € A such thaty, = h'(a,) and y, = h'(a,)
Therefore,
v =y, = h'(a;) =ha,) nY
=g(ha)) =g'(N(a))in B
=g oh(a) =g oh(a,) nB
= f(a,) = fla)) in B (v f=g'ch)
=goh(a)=gohla,)inB (~f=goh)
= g(h(a)) = g(ha,)) nB
= h(a;) = h(a,) inX (v g is an injection)
Therefore, a is well defined.
b) «ais an injection.
Lety, = h'(a,)andy, = h'(a,) € Y for some a, anda, € A. Then
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a(n) = aly) nX = a(h'@)) = a(h'(a)) inX
= h(a,) = h(a,)  in X (~by the definition of @)
= g(h(a)) = g(hla)) nB
= goh(a;) =gohl(a,) inB
= fa) =fla)) nB (v f=goh)
= g oh(a))=goh(a,) mnB (~f=g'oh)
= g(ra)) =g(h(a)) inB
= h'(a;) = h'(ay,) inY (v g'is an injection)
=y =y, nY

Therefore, « is an injection.

c) ais asurjection.
x€X =x=h(a forsomea€A (- his asurjection)
= x = a(h'(a)) for some a € A, where h'(a) €Y

= x =a(y) forsome y€Y, where y= h'(a)
Therefore, «a is a surjection.
Thus, by the results in (a), (b) and (c) we get that « is a bijection.
Now, for any a € A, consider,

aoh'(a) = a(h'(a))

= h(a) (~by the definition of a)

= h(l,(a)) (-1, is an identity function on A)

=hel, (@)
Therefore @ oh' = hol, and hence h ~h' (or h and h'are associates).
Claim 2: g~g' (or g and g are associates)

v
v

L a Iz

.
v
>
v
t

Figure 4: Two decompositions of a function f
From claim (1) we have, the identity map I, on A and a function a:Y — X, which is defined by a(h'(a)) =

h(a) for all h'(a) € Y where a€A, are bijections. Also, consider the identity map I on B which is also a

bijection. Since h: A — Y is a surjection, for any y € Y, there exist a € A such that y = h'(a).
Now consider,

Igog'(y) =1 °g'(h'(a3) in B

=I,(¢'(K@) inB

=g("@) nB

=g oh'(a) inB

=f(@a) inB

=gech(a) mB (vf=gc°h
= g(h(@)) B

g(a(h(@)) B (by the definition of a)
goe a(h’(a)) nB
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=goaly) mB (vy=h(a))
Therefore, Izog = goa.
Thus, we have two bjections, Iz:B — B and a: Y — X satisfying that, the diagram;

Figure 5: Associate functions g and g’
is commutative; that is, Iyo g = g o a. Therefore g~g (or g and g'are associates). This says that the
decomposition of functions as a composition of an injection and a surjection is unique up to associate.
4. Applications of Results
The Fundamental Theorem of Functions can be applied to derive the known Fundamental Theorem of
Homomorphisms of groups (or rings or modules or vector spaces and of general universal algebras). Also,
various isomorphism theorems can also be deduced from this theorem. Furthermore, as a consequence of the
Fundamental Theorem of Functions, we can formulate and prove the first, the Second and the third bijection
theorems which are a simple copy of those known Isomorphism theorems.
In addition, one of the advantages of this research is, it introduces the notion of an associate of a function,
which mainly uses to prove the uniqueness of the decomposition of functions Also, it is mostly important to
draw a property of functions like surjectivity, injectivity and bijectivty, which is held in one of the two
associate functions to the other.

5. Conclusion and Recommendations

On the basis of the Fundamental Theorem of Functions which is formulated and proved in this paper, we can
conclude that any function defined on general abstract sets can be decomposed as a composition of an
injection and a surjection and this decomposition is unique upto associate; in the sense that, if a given function
f defined from a given nonempty set A into another nonempty set B, can be decomposed in one way as
f = g o h where g is an injection and h is a surjection, and if f can also be decomposed in another way as
f =g oh' where g'is an injection and h'is a surjection then we get that g~g’ (or g and g'are associate to
each other) and h~h' (or h and h' are associate to each other). We say that two functions g and h defined on
general abstract sets are associate to each other, if there exists two bijections a and g suchthat; go a = o h.
Since a and B are bijections and hence invertible it is equivalently saying that one can be expressed as a
composition of the other and two bijections; thatis, geca = foh e g=fohoca l ©oh="logoa.lt
follows from this definition that, two associate functions have several properties in common such as: one of
the two associate functions is an injection (respectively a surjection and a bijection) if and only if the other is
an injection (respectively a surjection and a bijection). Moreover, their domain (respectively codomain) are
cardinal to each other.

It is finally recommended that it needs additional researches on the class of associate functions of general
abstract sets to identify and characterize themin a more general way.
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