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Abstract

Let RLsin and SLsin represents the families of multivalent bounded
turning and multivalent starlike functions that are subordinate with sine
function in the open unit disk E = fz : jzj < 1g : For these families our
aim is to �nd the bounds of Hankel determinant of order three. Further,
the estimate of third order Hankel determinant for the family SLsin in
this work improve the bounds which was investigated recently. Moreover,
the same bounds have been investigated for 2-fold symmetric and 3-fold
symmetric functions. Also we discuss H2 (3) determinant for the above
mentioned families.
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1 Introduction and De�nitions

The representation of the region is denoted by the notation E = fz : jzj < 1g � C
while Ap indicated the class of multivalent functions (say f 2 Ap) which are holo-
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morphic in E and obeys the following Taylor series form:

f(z) = zp +

1X
l=p+1

al z
l; with p 2 N: (1.1)

We seen that A1 = A, the class of all normalized holomorphic functions. Let the
two functions f and g be holomorphic in E: Then f is subordinate to g; symbolically
represented as f � g; if a holomorphic function w can be �nd with the properties
w (0) = 0 and jw (z)j < jzj such that f(z) = g(w(z)) (z 2 E) : In addition, if the
function g in E is univalent; then we got:

f � g , f (0) = g (0) & f (E) � g (E) :

In 1989, Shanmugam [47] introduced a uni�ed subfamily of holomorphic functions
with the use of subordinations and it will be given as:

S�� (h) =
�
f 2 A : z (f � �)

0

(f � �) � h (z) ; (z 2 E)
�
; (1.2)

where "�" stands for convolution, h is a convex and � is a �xed function in A. By
putting z= (1� z) and z= (1� z)2 instead of � in S�� (h), we get the classes S� (h)
and C (h) respectively, introduced by Ma and Minda [33] with the restriction that
h is a function, with Reh > 0 in E; whose image domain is symmetric about the
real axis and starlike with respect to h(0) = 1 with h0(0) > 0 and then investigated
certain useful problems of these classes.
Now taking some particular functions instead of h in S� (h) ; we obtain many sub-
families of the collection A which have di¤erent geometric interpretation, see [19,
14, 34, 48, 45, 49, 20, 44].
The class S�L := S�(

p
1 + z) was contributed by Sokól et.al [52], consisting of func-

tions f 2 A such that zf 0(z)=f(z) lies in the region bounded by the right-half of the
Bernoulli�s lemniscate given by jw2 � 1j < 1. That is;

S�L :=
(
f : f 2 A and

�����
�
zf 0(z)

f(z)

�2
� 1
����� < 1; z 2 E

)
;

and as for subordination, we have

S�L :=
�
f : f 2 A and

zf 0(z)

f(z)
�
p
1 + z; z 2 E

�
:

The above class S�L was studied further by di¤erent authors as Ali et.al [1], Kumar
et. al [27], Raza and Malik [42] and Sokó÷[53]. We now extend the above concepts
to the subfamilies of multivalent functions which are de�ned is the following;

RLp : =

�
f : f 2 Ap and

f 0 (z)

pzp�1
� 1 + sin (z) ; (z 2 E)

�
; (1.3)

SLp : =

�
f : f 2 Ap and

zf 0 (z)

pf (z)
� 1 + sin (z) ; (z 2 E)

�
; (1.4)

CLp : =

�
f : f 2 Ap and

(zf 0 (z))0

pf 0 (z)
� 1 + sin (z) ; (z 2 E)

�
: (1.5)

02



For more contribution on p-valent analytic functions with di¤erent image do-
mains, see [22, 51, 56, 4, 5, 6, 8, 36, 41].
In 1966-67, Pommerenke [38, 39] described the Hankel determinant; Hq;n (f) with
q; n 2 N = f1; 2; : : :g ; of qth order for a function f 2 A as follows;

Hq;n (f) :=

���������
an an+1 : : : an+q�1
an+1 an+2 : : : an+q
...

... : : :
...

an+q�1 an+q : : : an+2q�2

��������� : (1.6)

For some of the known subfamily of analytic functions this determinant has been
extensively studied. For instance; The sharp bounds of Hankel determinant of order
second jH2;2 (f)j =

��a2a4 � a23�� have been investigated in [17, 18] for families of
starlike S�; convex C and bounded turning R functions. We also found the exact
bounds as:

jH2;2 (f)j �

8<:
1; for f 2 S�;
1
8 ; for f 2 C,
4
9 ; for f 2 R.

For the Bazileviµc set [26], the exact value was obtained for this determinant. Af-
ter that, for several other subclasses of holomorphic functions various researchers
tried to study this particular problems. Recently, Srivastava [54] and his coauthors
used q-derivative operator to evaluate the bounds of second Hankel determinant
for symmetric bi-valent function and in [55], the researchers looked at Hankel and
Toeplitz determinants for the starlike functions subclasses in q-analogue associated
with conic domain. For more literature see [43, 12, 10, 16, 30, 3, 31, 35, 37]. The
order 3 determinant H3;1 (f) with entries from (1:1) is speci�ed by:

H3;1 (f) =

������
1 a2 a3
a2 a3 a4
a3 a4 a5

������ = �a5a22 + 2a2a3a4 � a33 + a5a3 � a24: (1.7)

The estimation of the determinant jH3;1 (f)j is very di¢ cult to obtain instead of
calculating the value of jH2;2 (f)j and that is why no one tried to study the problem
of third order Hankel determinant until the year 2010. In [9], Babalola made the
�rst attempt and established bounds of H3;1 (f) for families S�; C and R. Even
though this estimates are not sharp, but it motivated all the researchers to study
this problem for holomorphic functions subfamilies. For example see [2, 7, 11, 14,
24, 42, 50]. In 2017, Zaprawa [57] enhance the work of Babalola [9] in which he
obtained the following:

jH3;1 (f)j �

8<:
1; for f 2 S�;
49
540 ; for f 2 C,
41
60 ; for f 2 R.

and noted that these inequalities are still not sharp yet. In addition to the sharpness,
he thinking about subfamilies of S�; C andR containing of mappings with them-fold
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symmetry and reached the sharp bounds. Later Kwon et.al [28] obtain a superior
approximation of jH3;1 (f)j than Zaprawa [57] and for starlike functions he achieved
jH3;1 (f)j � 8=9: Eventually in 2018, two well-known researcher Kowalczyk et.al [23]
and Lecko et.al [29] achieved the best possible values of jH3;1 (f)j and are given by

jH3;1 (f)j �
�
4=135; for f 2 C
1=9; for f 2 S� (1=2)

where S� (1=2) represents starlike functions of order half. In this article, our amis
is to investigate the estimate of jH3;1 (f)j for the subfamilies RLsin and SLsin of
analytic functions connected with sine function: We also study this problem for
femalies of m-fold symmetric functions connected with sine functions. Moreover,
also we discuss H2 (3) determinnat for the above mentioned femailes.

2 A SET OF LEMMAS

De�nition 1. A function p 2 P i¤ it has the series expansion

p (z) = 1 +

1X
n=1

cnz
n; (z 2 E) (2.1)

along with the <p (z) � 0; z 2 E:

Lemma 1. If p 2 P and has the form, then

jcm+n � �cmcnj �
�
2 for 0 � � � 1;
2 j2�� 1j otherwise:

(2.2)

jcnj � 2 (2.3)

and for complex number �; we have��c2 � �c21�� � 2max f1; j2�� 1jg : (2.4)

The result (2:2) ; (2:3) and (2:4) are taken from [13], [40] and [21] respectively.

Lemma 2. [46]Let �; �; 
 and a satis�es that a; � 2 (0; 1) and

8a (1� �)
h
(�� � 2
)2 + (� (a+ �)� �)2

i
+� (1� �) (� � 2a�)2 � 4�2 (1� �)2 � (1� a) :

If p 2 P; then ����
c21 + ac22 + 2�c1c3 � 32�c21c2 � c4
���� � 2:

Lemma 3. [15]Let p 2 P and has the form (2:1) ; then

2c2 = c21 +
�
4� c21

�
x;

4c3 = c31 +
�
4� c21

�
c1x (2� x) + 2

�
4� c21

� �
1� jxj2

�
z:

for the certain x and z such that jxj � 1 and jzj � 1:
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Lemma 4. [40]If p 2 P and has the form (2:1) ; then��Jc31 �Kc1c2 + Lc3�� � 2 jJ j+ 2 jK � 2J j+ 2 jK � J + Lj :

Lemma 5. If p 2 P, then the sharp estimate

jcn � �ckcn�kj � 2

hold for n; k = 1; 2; :::; n > k; � 2 [0:1] :
From this Lemma we obtain the very well known bound for coe¢ cients of p 2 P,

i.e jcnj � 2; as well as the inequality jcn � ckcn�kj � 2 proved by Livingston [32].

Lemma 6. If p 2 P, then
��c2c4 � c23�� � 4:The equality holds only for functions

p (z) =
1 + z3

1� z3 ; (2.5)

p (z) =
1 + z2

1� z2 (2.6)

and their rotations.

3 BOUNDS OF jH3;1 (f)j FOR THE SET RLsin
Theorem 1. Let f 2 RLsin and has the form (1:1) ; then

jap+1j � p

(p+ 1)
;

jap+2j � p

(p+ 2)
;

jap+3j � p

(p+ 3)
;

jap+4j � p

(p+ 4)
:

The �rst bound is best possible.

Proof. If f 2 RLsin; then (1:3) yields

f 0 (z)

pzp�1
= 1 + sinw (z) ; (z 2 E) : (3.1)

If p 2 P; then
p (z) =

1 + w (z)

1� w (z) = 1 + c1z + c2z
2 + :::� (3.2)

Equivalently,we have

w (z) =
p (z)� 1
p (z) + 1

=
c1z + c2z

2 + c3z
3 + � � �

2 + c1z + c2z2 + c3z3 + � � �
:
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From (1:1) ; we easily have

f 0 (z)

pzp�1
= 1 +

p+ 1

p
ap+1z +

p+ 2

p
ap+2z

2 +
p+ 3

p
ap+3z

3 + :::� (3.3)

and with support of the series expansion of w (z) along with simple caculations,
we obtain

1 + sin (w (z)) = 1 + w (z)� (w (z))
3

3!
+
(w (z))5

5!
� (w (z))

7

7!
+ � � � :

further simple computations and rearranging the terms, we have

1 + sin (w (z)) = 1 +
1

2
c1z +

�
c2
2
� c

2
1

4

�
z2 +

�
5

48
c31 +

c3
2
� c1c2

2

�
z3 +�

c4
2
+
5

16
c21c2 �

c41
32
� c1c3

2
� c

2
2

4

�
z4 + � � � (3.4)

From (3:3) and (3:4) ; we easily achieve

ap+1 =
p

2 (p+ 1)
c1; (3.5)

ap+2 =
p

2 (p+ 2)

�
c2 �

1

2
c21

�
; (3.6)

ap+3 =
p

2 (p+ 3)

�
c3 � c1c2 +

5

24
c31

�
; (3.7)

ap+4 =
p

2 (p+ 4)

�
c4 �

c22
2
� c1c3 +

5

8
c21c2 �

c41
16

�
: (3.8)

Using (2:3) and applying triangle inequality in (3:5) ; we have

jap+1j �
p

(p+ 1)
:

Similarly using (2:2) and triangle inequality in (3:6) ; we achieve

jap+2j �
p

(p+ 2)
:

Using Lemma 4 and triangle inequality in (3:7) ; we get

jap+3j �
p

(p+ 3)
:

By re-arranging (3:8) ; we get

ap+4 =
p

2 (p+ 4)

���� c4116 + c222 + c1c3 � 58c21c2 � c4
����

Utilizing Lemma 2 and triangle inequality, and taking

a =
1

2
; � =

1

2
; � =

5

12
; 
 =

1

16
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The above values ful�lled all the condition of Lemma 2, we obtain

jap+4j �
p

(p+ 4)
:

Theorem 2. Let f 2 RLsin and of the form (1:1) : Then��ap+2 � �a2p+1�� � p

(p+ 2)
max

�
1;

����p2�+ 2p�(p+ 1)2

����� :
Proof. From (3:5) and (3:6) ; we have

��ap+2 � �a2p+1�� =

�����
�
2p3 + 4p2 + 2p

�
4 (p+ 1)2 (p+ 2)

c2 �
�
p3 + 2p2 + p

�
4 (p+ 1)2 (p+ 2)

c21 �
�
�
p3 + 2p2

�
4 (p+ 1)2 (p+ 2)

c21

����� ;
=

p
�
2p2 + 4p+ 2

�
4 (p+ 1)2 (p+ 2)

�����c2 �
 
1

2

�
p2 + 2p+ 1 + p2�+ 2p�

�
(p+ 1)2

!
c21

����� :
where

� =

�
p2 + 2p+ 1 + p2�+ 2p�

(p+ 1)2

�
Application of (2:4) and triangle inequality, lead us to��ap+2 � �a2p+1�� � p

(p+ 2)
max

�
1;

����p2�+ 2p�(p+ 1)2

����� :

For � = 1; we achieve the corollary below.

Corollary 1. Let f 2 RLsin and given the form (1:1) : Then��ap+2 � a2p+1�� � p

(p+ 2)
(3.9)

Theorem 3. Let f 2 RLsin be the series form (1:1) : Then

jap+1ap+2 � ap+3j �
6p

(p+ 1) (p+ 2) (p+ 3)
:

Proof. From (3:5) ; (3:6) and (3:7) ; we have

jap+1ap+2 � ap+3j =
�����p
�
11p2c31 � 36p2c1c2 + 33pc31 + 24p2c3 � 108pc1c2 + 10c31 + 72pc3 � 48c1c2 + 48c3

�
48 (p+ 1) (p+ 2) (p+ 3)

�����
By re-arranging, we get

jap+1ap+2 � ap+3j =
p

48 (p+ 1) (p+ 2) (p+ 3)

���11p2 + 33p+ 10� c31
�
�
36p2 + 108p+ 48

�
c1c2 +

�
24p2 + 72p+ 48

�
c3
�� :
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The implementation of triangle inequality together with Lemma 4; give us

jap+1ap+2 � ap+3j �
6p

(p+ 1) (p+ 2) (p+ 3)
:

The proof is ended.

Theorem 4. Let f 2 RLsin be the series form (1:1) : Then

��ap+1ap+3 � a2p+2�� � p2

(p+ 2)2
:

Proof. By the virtue of (3:5) ; (3:6) and (3:7) ; we get

��ap+1ap+3 � a2p+2�� =

����� p2

96 (p+ 1) (p+ 2)2 (p+ 3)

�
p2c41 + 4pc

4
1 � 24p2c1c3 + 24p2c22

�2c41 � 96pc1c3 + 96pc22 + 24c21c2 � 96c1c3 + 72c22
��� :

Use of the Lemma 3, we obtain

��ap+1ap+3 � a2p+2�� =
p2

96 (p+ 1) (p+ 2)2 (p+ 3)

����12p2y � 48py � 48y� c1 �4� c21� (1� jxj)
+
�
6p2x2 + 24px2 + 24x2

�
c21
�
4� c21

�
+
�
6p2x2 + 24px2 + 18x2

� �
4� c21

�2
+
�
p2 + 4p+ 4

�
c41
�� :

Applying triangle inequlity, we get

��ap+1ap+3 � a2p+2�� � p2

96 (p+ 1) (p+ 2)2 (p+ 3)

��
p2 + 4p+ 4

� ��c41��
+
�
6p2x2 + 24px2 + 24x2

� ��c21�� �4� c21�+ �6p2x2 + 24px2 + 18x2� �4� c21�2
+
�
12p2y + 48py + 48y

�
jc1j

�
4� c21

�
(1� jxj)

�
: (3.10)

Let jc1j = c; & jxj = x; Therefore, the above equation (3:10) will become

��ap+1ap+3 � a2p+2�� � p2

96 (p+ 1) (p+ 2)2 (p+ 3)

��
p2 + 4p+ 4

�
c4

+
�
6p2x2 + 24px2 + 24x2

�
c2
�
4� c21

�
+
�
6p2x2 + 24px2 + 18x2

� �
4� c21

�2
+
�
12p2y + 48py + 48y

�
c
�
4� c21

�
(1� x)

�
: (3.11)

The above equation (3:11) attains its maximum value at c = 0; and x = 1; we
have ��ap+1ap+3 � a2p+2�� � p2

(p+ 2)2
:

This is our required result.
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Theorem 5. Let f 2 RLsin be given the form (1:1). Then

jH3;1 (f)j �
2p2

�
p5 + 11p4 + 48p3 + 107p2 + 126p+ 66

�
(p+ 1) (p+ 2)3 (p+ 3)2 (p+ 4)

:

Proof. We can easily achieve

jH3;1 (f)j � jap+2j
��ap+1ap+3 � a2p+2��+jap+3j jap+3 � ap+1ap+2j+jap+4j ��ap+2 � a2p+1�� :

Now, from Theorem 1, Theorem 3, Theorem 4 and (3:9) we obtain

jH3;1 (f)j �
2p2

�
p5 + 11p4 + 48p3 + 107p2 + 126p+ 66

�
(p+ 1) (p+ 2)3 (p+ 3)2 (p+ 4)

:

Taking p = 1; we obtain the following Corollary.

Corollary 2. Let f 2 RLsin be given by (1:1). Then

jH3;1 (f)j �
359

2160
= 0:16620:

4 BOUNDS OF jH3;1 (f)j FOR THE SET SLsin
Theorem 6. Let f 2 SLsin and has the form (1:1) : Then

jap+1j � p;

jap+2j �
(

p
2 for p = 1;
p2

2 otherwise:
;

jap+3j �
�

2p
144	(p) where 	(p) =

���3p2 � 9p+ 5��+ 2 ��3p2 � 7��+ ��3p2 + 9p+ 5��� ;

jap+4j �
� p

288

�
12p3 + 72p2 + 68p� 109

�
for p � 2;

p
24

�
p3 + 6p2 + 22p+ 33

�
otherwise:

:

The �rst two bounds are best possible.

Proof. If f 2 SLsin, then (1:3) gives

zf 0 (z)

pf (z)
=
p
1 + w (z); (z 2 E) : (4.1)

Also if p 2 P; then from (3:2) and (4:1) we have

zf 0 (z)

pf (z)
=

s
2p (z)

1 + p (z)
: (4.2)

09



By using (1:1) ; we obtain

zf 0 (z)

pf (z)
= 1 +

ap+1z

p
+

 
2ap+2
p

�
a2p+1
p

!
z2 +

 
3ap+3
p

� 3ap+1ap+2
p

+
a3p+1
p

!
z3

+

 
4a2p+1ap+2

p
� 4ap+1ap+3

p
+
4ap+4
p

�
a4p+1
p

�
2a2p+2
p

!
z4 + � � �: (4.3)

Comparing (3:4) and (4:3) ; we easily get

ap+1 =
p

2
c1; (4.4)

ap+2 =
p

8

�
pc21 � c21 + 2c2

�
; (4.5)

ap+3 =
p

144

�
3p2c31 � 9pc31 + 5c31 + 18pc1c2 � 24pc1c2

+24c3) ; (4.6)

ap+4 =
p

1152

��
3p3 � 18p2 + 29p� 9

�
c41

+
�
36p2 � 132p+ 90

�
c21c2 + (96p� 144) c1c3

+(36p� 72) c22 + 144c4
�
: (4.7)

Applying (2:3) and triangle inequality in (4:4), we get

jap+1j � p:

By re-arranging (4:5) ; we have

jap+2j =
p

4

����c2 � (1� p)2
c21

���� :
Use of the (2:2) and triangle inequality, we achieve

jap+2j �
(

p
2 for p = 1;
p2

2 otherwise:
:

Re-arranging (4:6) ; we have

jap+3j =
p

144

����3p2 � 9p+ 5� c31 + (18p� 24) c1c2 + 24c3��� :
Use of the Lemma 4 and triangle inequality, we get

jap+3j �
2p

144
	 (p) ;

where
	(p) =

���3p2 � 9p+ 5��+ 2 ��3p2 � 7��+ ��3p2 + 9p+ 5��� : (4.8)
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Rearranging (4:7) ; we get

jap+4j =
p

1152

�
(168p� 145) c1

�
c3 �

(52p� 40)
(168p� 145)c1c2

�
+ (36p� 72) c2�

c2 �
(12p� 32)
(36p� 72)c

2
1

�
+
�
36p2 � 68p+ 18

�
c21

 
c2 �

�
18p2 � 29p+ 9

�
(36p2 � 68p+ 18)c

2
1

!

+144

�
c4 �

(72p� 1)
144

c1c3

�
+ 3p3c41

�
:

Utilization of triangle inequality along with (2:2) and (2:3) ; we obtain

jap+4j �
p

288

�
12p3 + 72p2 + 68p� 109

�
: for p � 2

Now, for the other value of p; we have

jap+4j =
p

1152

�
3p3c41 +

�
�36c21

�
1

2
c21 � c2

�
p2
�

+

�
66c21

�
29

66
c21 � c2

�
� 96c1

�
11

16
c1c2 � c3

�
+ 36c22

�
p

�90c21
�
1

10
c21 � c2

�
� 144

�
72

144
c22 � c4

�
� 144c1c3

�
:

The implementation of triangle inequality and (2:2) and (2:3) ; we obtain

jap+4j �
p

24

�
p3 + 6p2 + 22p+ 33

�
:

Theorem 7. Let f 2 SLsin and has given by (1:1) : Then for � 2 C��ap+2 � �a2p+1�� � p

2
max f1; j2�p� pjg :

Proof. From (4:4) and (4:5) ; we have

��ap+2 � �a2p+1�� =

�����2p8 c2 � 2�p28 c21 +

�
p2 � p

�
8

c21

����� ;
=

p

4

����c2 � c212 (2�p� p+ 1)
���� :

with
� = (2�p� p+ 1) :

Applying (2:4) and triangle inequality��ap+2 � �a2p+1�� � p

2
max f1; j2�p� pjg :

11



For � = 1; we obtain the following Corollary.

Corollary 3. Let f 2 SLsin and be given by (1:1) : Then��ap+2 � a2p+1�� � p

2
: (4.9)

Theorem 8. Let f 2 SLsin and has the form (1:1). Then

jap+1ap+2 � ap+3j �
p
�
6p2 + 1

�
18

:

Proof. From (4:4) ; (4:5) and (4:6) ; we have

jap+1ap+2 � ap+3j =
����p324c31 � 5

144
pc31 +

p

6
c1c2 �

p

6
c3

���� : (4.10)

Re-arranging (4:10) ; we obtain

jap+1ap+2 � ap+3j =
p

144

���6p2 � 5� c31 + 24c1c2 � 24c3�� :
Use of the Lemma 4 and triangle inequality, we get

jap+1ap+2 � ap+3j �
p
�
6p2 + 1

�
18

:

Theorem 9. Let f 2 SLsin and be given by (1:1) : Then��ap+1ap+3 � a2p+2�� � p2

4
:

Proof. From (4:4), (4:5), and (4:6), we have��ap+1ap+3 � a2p+2�� =
1

576

��p2c41 � 3p4c41 � 12p2c21c2 + 48p2c1c3 � 36p2c22�� ;
=

p2

576

��3p2c41 � c41 + 12c21c2 � 48c1c3 + 36c22�� :
Using Lemma 3 , we get��ap+1ap+3 � a2p+2�� = p2

576

���3p2 + 2� c41 + 12c21Qx2 � 24c1QWy + 9Q2x2�� ;
Utilizing triangle inequality, we have��ap+1ap+3 � a2p+2�� � p2

576

��
3p2 + 2

�
c41 + 12c

2
1Qx

2 + 24c1QWy + 9Q
2x2
�
:

with
Q =

�
4� c21

�
& W =

�
1� jxj2

�
: (4.11)

The function above has the maximum value at c1 = 0; and jxj = 1 for all values
of p. Therefore ��ap+1ap+3 � a2p+2�� � p2

4
:

which is the required proof.
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Theorem 10. Let f 2 SLsin and has the form (1:1) : Then

jH3;1 (f)j �
(

p2

5184

�
24p2	(p) + 108p3 + 648p2 + 4	 (p) + 1260p� 981

�
for p � 2;

p2

1296

�
6p2	(p) + 27p3 + 324p2 +	(p) + 594p+ 891

�
otherwise:

:

Proof. We easily obtain

jH3;1 (f)j � jap+2j
��ap+1ap+3 � a2p+2��+jap+3j jap+3 � ap+1ap+2j+jap+4j ��ap+2 � a2p+1�� :

Now, from Theorem 6; Theorem 8, Theorem (9) ; and (4:9) ; we get

jH3;1 (f)j �
(

p2

5184

�
24p2	(p) + 108p3 + 648p2 + 4	 (p) + 1260p� 981

�
for p � 2;

p2

1296

�
6p2	(p) + 27p3 + 324p2 +	(p) + 594p+ 891

�
otherwise:

:

where 	(p) is given by (4:8) :

Taking p = 1; the following corollary obtain.

Corollary 4. Let f 2 SLsin be given by (1:1). Then

jH3;1 (f)j �
1763

5184
= 0:34008:

5 Bounds of jH3;1 (f)j for 2-fold and 3-fold functions
Let m 2 N = f1; 2; : : :g : If a rotation 4 about the origin through an angle 2�=m
carries E on itself, then such a domain E is called m-fold symmetric. An analytic
function f is m-fold symmetric in E, if

f
�
e2�i=mz

�
= e2�i=mf (z) ; (z 2 E) :

By S(m); we de�ne the set of m-fold univalent functions having the following Taylor
series form

f (z) = z +
1X
k=p

amk+1z
mk+1;where (p 2 N) : (5.1)

The sub-families RL(m)sin and SL(m)sin of S(m) are the sets ofm-fold symmetry bounded
turning and starlike functions respectively associated with sine functions. More
intuitively, an analytic function f of the form (5:1) ; belongs to the families RL(m)sin

and SL(m)sin ; if and only if

f 0 (z)

pzp�1
= 1 + sin

�
p (z)� 1
p (z) + 1

�
; p 2 P(m); (5.2)

zf 0 (z)

pf (z)
= 1 + sin

�
p (z)� 1
p (z) + 1

�
; p 2 P(m): (5.3)

where the set P(m) is de�ned by

P(m) =
(
p 2 P : p (z) = 1 +

1X
k=1

cmkz
mk; (z 2 E)

)
: (5.4)

Here we prove some theorems related to 2-fold and 3-fold symmetric functions.

13



Theorem 11. If f 2 RL(2)sin and has the form given in (5:1) ; then

jH3;1 (f)j �
p2

(p+ 2) (p+ 4)
:

Proof. Let f 2 RL(2)sin . Then, there exists a function p 2 P(2); such that

f 0 (z)

pzp�1
= 1 + sin

�
p (z)� 1
p (z) + 1

�
:

Using the series form (5:1) and (5:4) ; when m = 2 in the above relation, we can get

ap+2 =
p

2 (p+ 2)
(c2) ; (5.5)

ap+4 =
p

2 (p+ 4)

�
c4 �

c22
2

�
: (5.6)

Now,
H3;1 (f) = ap+2ap+4 � a3p+2:

Utilizing (5:5) and (5:6), we get

H3;1 (f) = �
p2

4 (p+ 2)3 (p+ 4)
c2
�
p2c22 � p2c4 + 4pc22 � 4pc4 + 2c22 � 4c4

�
:

By realterting, it yields

H3;1 (f) =
p2
�
p2 + 4p+ 4

�
4 (p+ 2)3 (p+ 4)

(c2)

 
c4 �

�
p2 + 4p+ 2

�
(p2 + 4p+ 4)

c22

!
:

Using triangle inequality long with (2:2) and (2:3) ; gives us

jH3;1 (f)j �
p2

(p+ 2) (p+ 4)
:

Hence, the proof is done.

Theorem 12. If f 2 RL(3)sin and has the form given in (5:1) ; then

jH3;1 (f)j �
p2

(p+ 3)2
:

Proof. As, f 2 RL(3)sin ; therefore there exists a function p 2 P(3); such that

f 0 (z)

pzp�1
= 1 + sin

�
p (z)� 1
p (z) + 1

�
:

Utilizing the series form (5:1) and (5:4) ; when m = 3 in the above relation, we can
obtain

ap+3 =
p

2 (p+ 3)
(c3) :

14



Then,
H3;1 (f) = �a2p+3:

H3;1 (f) = �
�

p2

4 (p+ 3)2
�
c23
��
:

Utilizing (2:3) and triangle inequality, we have

jH3;1 (f)j �
p2

(p+ 3)2
:

Thus, the Theorem is proved.

Theorem 13. If f 2 SL(2)sin and has the form given in (5:1) ; then

jH3;1 (f)j �
p2

(p+ 1) (p+ 3)
:

Proof. Let f 2 SL(2)sin . Then, there exists a function p 2 P(2); such that

zf 0 (z)

pf (z)
= 1 + sin

�
p (z)� 1
p (z) + 1

�
:

Using the series form (5:1) and (5:4) ; when m = 2 in the above relation, we can get

ap+2 =
p

2 (p+ 1)
(c2) ; (5.7)

ap+4 =
p

4 (p+ 1) (p+ 3)

�
(2p+ 2) c4 � c22

�
: (5.8)

Now,
H3 (f) = ap+2ap+4 � a3p+2:

Utilizing (5:7) and (5:8), we get

H3;1 (f) = �
p2

8 (p+ 1)3 (p+ 3)
c2
�
p2c22 � 2p2c4 + 4pc22 � 4pc4 + c22 � 2c4

�
:

By realterting, it yields

H3;1 (f) =
p2
�
2p2 + 4p+ 2

�
8 (p+ 1)3 (p+ 3)

(c2)

 
c4 �

�
p2 + 4p+ 1

�
(2p2 + 4p+ 2)

c22

!
:

Using triangle inequality long with (2:2) and (2:3) ; gives us

jH3;1 (f)j �
p2

(p+ 1) (p+ 3)
:

Hence, the proof is done.
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Theorem 14. If f 2 SL(3)sin and has the form given in (5:1) ; then

jH3;1 (f)j �
p2

(p+ 2)2
:

Proof. As, f 2 SL(3)slsin; therefore there exists a function p 2 P(3); such that

zf 0 (z)

pf (z)
= 1 + sin

�
p (z)� 1
p (z) + 1

�
:

Utilizing the series form (5:1) and (5:4) ; when m = 3 in the above relation, we can
obtain

ap+3 =
p

2 (p+ 2)
(c3) :

Then,
H3;1 (f) = �a2p+3:

H3;1 (f) = �
�

p2

4 (p+ 2)2
�
c23
��
:

Utilizing (2:3) and triangle inequality, we have

jH3;1 (f)j �
p2

(p+ 2)2
:

Thus, the Theorem is proved.

6 Determinant H2 (3) for RLsin and SLsin
Let f; g; be multivalent. Then

f 2 RLsin ,
f 0 (z)

pzp�1
: (6.1)

g 2 SLsin ,
zf 0 (z)

pf (z)
: (6.2)

Therefore, if f 2 RLsin, then H2 (3) = F (c1; c2; c3; c4) ; from (3:6) ; (3:7) and
(3:8) ; we get

F (c1; c2; c3; c4) = � p2

2304 (p+ 2) (p+ 4) (p+ 3)2
�
7p2c61 � 24p2c41c2 + 42pc61 � 48p2c31c3

+72p2c21c
2
2 � 144pc41c2 + 38c61 + 288p2c21c4 � 576p2c1c2c3 + 288p2c32 � 288pc31c3

+432pc21c
2
2 + 24c

4
1c2 � 576p2c2c4 + 576p2c23 + 1728pc21c4 � 4032c1c2c3 + 1728pc32

�3456pc1c2c3 � 672c31c3 + 72c21c22 � 3456pc2c4 + 3456pc23 + 2592c21c4 � 5184c2c4
+2592c32 + 4608c

2
3

�
: (6.3)
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Therefore, if g 2 SLsin, then H2 (3) = G (c1; c2; c3; c4) ; from (4:5) ; (4:6) and
(4:7) ; we obtain

G (c1; c2; c3; c4) =
1

82944

�
�9p6c61 + 27p5c61 � 54p5c41c2 � 21p4c61 + 36p4c41c2 + 18p3c61

+288p4c31c3 � 324p4c21c22 + 72p3c41c2 � 19p2c61 � 432p3c31c3 + 108p3c21c22
�12p2c41c2 + 1296p3c21c4 � 1728p3c1c2c3 + 648p3c32 + 336p2c31c3 � 36p2c21c22
�1292p2c21c4 + 2016p2c1c2c3 � 1296p2c32 + 2592p2c2c4 � 2304p2c23: (6.4)

Having regard to the explicit formulae ofH2(3), �nding the exact bounds of those
expressions is a di¢ cult issue. For this purpose, we begin with a speci�c event.

Theorem 15. Let f be given by (1:1) with additional assumption that ap+1 = 0: If
f 2 RLsin; then jH2 (3)j � 2p2

(p+4)(p+2) :

Proof. Assume that for f given by (1:1) there is ap+1 = 0: From (6:3) it follows that
c1 = 0:

If f 2 RLsin; then

F (c1; c2; c3; c4) =
p2

2304 (p+ 2) (p+ 4) (p+ 3)2
�
�
�
288p2 + 1728p+ 2592

�
c32

+576c2c4 +
�
576p2 + 3456p+ 4608

� �
c2c4 � c32

��
: (6.5)

The desired estimate follows directly from the the triangle inequality and Lem-
mas 5 and 6: So

jH2 (3)j �
2p2

(p+ 4) (p+ 2)
: (6.6)

holds only if
��c2c4 � c32�� = 4 and jc2j = jc4j = 2: By Lemma 6; it is possible only

for p (z) = 1+z2

1�z2 : As a consequence, we obtain the extremal functions f 2 RLsin for
which (6:6) holds.

Theorem 16. Let g be given by (1:1) with additional assumption that ap+1 = 0: If
g 2 SLsin, then jH2 (3)j � p3

16 :

Proof. Assume that for g given by (1:1) there is ap+1 = 0: From (6:4) it follows that
c1 = 0:

If g 2 SLsin, then

jH2 (3)j =
1

82944

���648p3 � 1296p2� c32 + 288p2c2c4 + 2304p2 �c2c4 � c23��� : (6.7)

It is enough to apply Lemmas 5 and 6 to obtain the bounds p3

16 for SLsin: The
expression (6:7) is equal to p3

16 if and only if jc2j = 2; jc4j = 2 and
��c2c4 � c23�� = 4: It

is possible only for rotaions of (2:6) This means that the extremal starlike functions
are g (z) = z

1�z2 and its rotations.
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7 Conclusions

In this article, we studied Hankel determinant H3;1 (f) for the families RLsin and
SLsin subordinated with sine functions. Furthermore, we improve the bound of third
Hankel determinnat for the family SLsin: These bounds are also discussed for 2-fold
symmetric and 3-fold symmetric functions. Also we discussed H2 (3) determinnat
for the families RLsin and SLsin.
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[3] Alt¬nkaya, Ş.; Yalç¬n, S. Upper bound of second Hankel determinant for bi-
Bazilevic functions.

Mediterr. J. Math. 2016; 13; 4081� 4090:

[4] Arif, M.; Su¢ ciency criteria for a class of p-valent analytic functions of complex
order, Abstract and Applied Analysis, Volume 2013, Article ID 517296, 4 pages.

[5] Arif, M.; Ayaz. M.; Iqbal, J.; Haq, W. Su¢ cient conditions for functions to be
in a class of p-valent analytic functions, Journal of Computational Analysis and
Applications, 2013, 16(1); 159� 164.

[6] Arif, M.; Dziok, J.; Raza, M.; Sokó÷, J. On products of multivalent close-to-star
functions, Journal of Inequality and Applications, Vol. 2015; 2015 : 5; 14 Pages.

[7] Arif, M.; Noor, K.I,; Raza, M. Hankel determinant problem of a subclass of
analytic functions. J. Ineq. Appl. 2012(1); Art. 22, 7 pages.

[8] Arif, M.; Sokó÷, J.; Ayaz, M.; Su¢ cient condition for functions to be in a class
of meromorphic multivalent Sakaguchi type spiral-like functions, Acta Mathe-
matica Scientia, 2014; 34B(2); 1� 4.

[9] Babalola, K.O. On H3 (1) Hankel determinant for some classes of univalent
functions. Inequal. Theory Appl. 2010; 6; 1� 7:

[10] Bansal, D. Upper bound of second Hankel determinant for a new class of ana-
lytic functions. Appl. Math. Lett. 2013; 23; 103� 107:

[11] Bansal, D.; Maharana, S.; Prajapat, J.K. Third order Hankel Determinant for
certain univalent functions. J. Korean Math. Soc. 2015; 32; 1139� 1148:

[12] Çaglar, M.; Deniz, E.; Srivastava, H.M. Second Hankel determinant for certain
subclasses of bi-univalent functions. Turk. J. Math. 2017; 41; 694� 706:

18



[13] Caratheodory, C. Uber den variabilitatsbereich der fourier�schen konstanten von
positiven harmonischen funktionen. Rend. Circ. Mat. Palermo. 1911; 32; 193�
127:

[14] Cho, N.E.; Kowalczyk, B.; Kwon, O.S.; Lecko, A.; Sim, Y.J. Some coe¢ cient
inequalities related to the Hankel determinant for strongly starlike functions of
order alpha. J. Math. Inequal. 2017; 11; 429� 439:

[15] Grenander, U.; Sezego. G.Toeplitz Forms and Their Applications. University of
California Press, Berkeley, 1958:

[16] Hayman, W.K. On second Hankel determinant of mean univalent functions.
Proc. Lond. Math. Soc. 1968; 3; 77� 94:

[17] Jangteng, A.; Halim, S.A.; Darus, M. Coe¢ cient inequality for a function whose
derivative has a positive real part. J. Ineq. Pure Appl. Math. 2006; 7; 1� 5:

[18] Jangteng, A.; Halim, S.A.; Darus, M. Coe¢ cient inequality for starlike and
convex functions. Int. J. Ineq. Math. Anal. 2007; 1; 619� 625:

[19] Janowski, W. Extremal problems for a family of functions with positive real
part and for some related families. Ann. Pol. Math. 1971; 23; 159� 177:

[20] Kargar, R.; Ebadian, A.; Sokó÷, J. On Booth lemniscate of starlike functions.
Anal. Math. Phys. 2019; 9; 143� 154:

[21] Keough, F.; Merkes, E. A coe¢ cient inequality for certain subclasses of analytic
functions. Proc. Am. Math. Soc. 1969; 20; 8� 12:

[22] Khan, Q.; Arif, M.; Ahmad B.; Tang, H. On analytic multivalent functions
associated with lemniscate of Bernoulli, AIMS Mathematics, 2020, 5(3); 2261�
2271.

[23] Kowalczyk, B.; Lecko, A.; Sim, Y.J.The sharp bound of the hankel determinent
of the third kind for convex functions. Bull. Aust. Math. Soc. 2018; 97; 435�445:

[24] Krishna, D. V.; Venkateswarlu, B.; RamReddy, T. Third Hankel determinant
for bounded turning functions of order alpha. J. Niger. Math. Soc. 2015; 34;
121� 127:

[25] Krishna, D.V.; RamReddy, T. Hankel determinant for starlike and convex func-
tions of order alpha. Tbil. Math. J. 2012; 5; 65� 76:

[26] Krishna, D.V.; RamReddy, T. Second Hankel determinant for the class of
Bazilevic functions. Stud. Univ. Babe¸s-Bolyai Math. 2015; 60; 413� 420:

[27] Kumar, S.S., Kumar, V., Ravichandran, V., Cho, N.E.: Su¢ cient conditions
for starlike functions associated with the lemniscate of Bernoulli. J. Inequal.
Appl. 2013; 176(2013):

19



[28] Kwon, O.S.; Lecko, A.; Sim, Y.J. The bound of the Hankel determinant of the
third kind for starlike functions. Bull. Malays. Math. Sci. Soc. 2019; 42; 767�
780:
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