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Abstract

Let RLgn and SLgy, represents the families of multivalent bounded
turning and multivalent starlike functions that are subordinate with sine
function in the open unit disk E = {z: |z] < 1}. For these families our
aim is to find the bounds of Hankel determinant of order three. Further,
the estimate of third order Hankel determinant for the family SLgy, in
this work improve the bounds which was investigated recently. Moreover,
the same bounds have been investigated for 2-fold symmetric and 3-fold
symmetric functions. Also we discuss Hs (3) determinant for the above
mentioned families.
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1 Introduction and Definitions

The representation of the region is denoted by the notation E = {z: |2| <1} C C
while A, indicated the class of multivalent functions (say f € A,) which are holo-

(ec) I 01

This work is licensed under a Creative Commons Attribution 3.0 License.




morphic in [E and obeys the following Taylor series form:

o
f(z) =2+ Z a; 7', with p € N. (1.1)
l=p+1

We seen that A; = A, the class of all normalized holomorphic functions. Let the
two functions f and g be holomorphic in E. Then f is subordinate to g, symbolically
represented as f < g, if a holomorphic function w can be find with the properties
w(0) = 0 and |w (2)| < |z| such that f(2) = g(w(z)) (z € E). In addition, if the
function ¢ in E is univalent, then we got:

f=g & [(0)=g(0) & f(B)Cg(E).

In 1989, Shanmugam [47] introduced a unified subfamily of holomorphic functions
with the use of subordinations and it will be given as:
2(f*9)

S;(h):{fEA:M<h(z), (ZEE)}, (1.2)

where "x" stands for convolution, h is a convex and ¢ is a fixed function in A. By
putting z/ (1 — z) and z/ (1 — z)? instead of ¢ in S; (h), we get the classes S* (h)
and C (h) respectively, introduced by Ma and Minda [33] with the restriction that
h is a function, with Reh > 0 in E, whose image domain is symmetric about the
real axis and starlike with respect to h(0) = 1 with A’(0) > 0 and then investigated
certain useful problems of these classes.

Now taking some particular functions instead of h in S* (h), we obtain many sub-
families of the collection A which have different geometric interpretation, see [19,
14, 34, 48, 45, 49, 20, 44].

The class S} := S*(v/1 + z) was contributed by Sokdl et.al [52], consisting of func-
tions f € A such that zf/(z)/f(z) lies in the region bounded by the right-half of the
Bernoulli’s lemniscate given by |w? — 1| < 1. That is;

(£12) .
f(z)
and as for subordination, we have
/!
S; = {f:fE.Aand z}‘"(g) <V1+z, ZEE}.
The above class S was studied further by different authors as Ali et.al [1], Kumar

et. al [27], Raza and Malik [42] and Sokét [53]. We now extend the above concepts
to the subfamilies of multivalent functions which are defined is the following;

Sz::{f:fGAand

<1,26E},

RL, : = {f : feApand ;:;;2 < 1+sin(z), (z€ E)}, (1.3)
o= : an zf’(z) sin (2 z

SL, _{f.feAp dpf(z)-<1+ (2), ( GE)}, (1.4)
o= : an 7(2'}“ (Z))/ sin (2 z

CL, : _{f.feAp d o7 (2) < 1+sin(z), ( GE)}. (1.5)
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For more contribution on p-valent analytic functions with different image do-
mains, see [22, 51, 56, 4, 5, 6, 8, 36, 41].
In 1966-67, Pommerenke [38, 39] described the Hankel determinant, Hy, (f) with
g,n € N={1,2,...}, of gth order for a function f € A as follows;

Qnp, Gp4+1 -+ QAnig—1
an+1 n42 ... GOniq

Hyn (f) =] . : : . (1.6)
Gptq—1 Gptq --- Ani2¢—2

For some of the known subfamily of analytic functions this determinant has been
extensively studied. For instance; The sharp bounds of Hankel determinant of order
second |Haz (f)| = |azas — a| have been investigated in [17, 18] for families of
starlike §*, convex C and bounded turning R functions. We also found the exact
bounds as:

1, for feS*
[H22 (f)] < % for fec,
5, for feR.

For the Bazilevi¢ set [26], the exact value was obtained for this determinant. Af-
ter that, for several other subclasses of holomorphic functions various researchers
tried to study this particular problems. Recently, Srivastava [54] and his coauthors
used ¢-derivative operator to evaluate the bounds of second Hankel determinant
for symmetric bi-valent function and in [55], the researchers looked at Hankel and
Toeplitz determinants for the starlike functions subclasses in g-analogue associated
with conic domain. For more literature see [43, 12, 10, 16, 30, 3, 31, 35, 37]. The
order 3 determinant Hs (f) with entries from (1.1) is specified by:

1 as ag
2 3 2
Hs1(f)=|a2 a3z a4 | = —asa3+ 2a2a3a4 — a3 + asaz — aj. (1.7)
a3 a4 as

The estimation of the determinant |Hs; (f)| is very difficult to obtain instead of
calculating the value of [Ha 2 (f)| and that is why no one tried to study the problem
of third order Hankel determinant until the year 2010. In [9], Babalola made the
first attempt and established bounds of Hz; (f) for families S*, C and R. Even
though this estimates are not sharp, but it motivated all the researchers to study
this problem for holomorphic functions subfamilies. For example see [2, 7, 11, 14,
24, 42, 50]. In 2017, Zaprawa [57] enhance the work of Babalola [9] in which he
obtained the following:

1, for f e S*,
|Hz1 (M) <4 =50 for feC,
%, for feR.
and noted that these inequalities are still not sharp yet. In addition to the sharpness,
he thinking about subfamilies of §*, C and R containing of mappings with the m-fold
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symmetry and reached the sharp bounds. Later Kwon et.al [28] obtain a superior
approximation of [Hz ;1 (f)| than Zaprawa [57] and for starlike functions he achieved
|H31 (f)] < 8/9. Eventually in 2018, two well-known researcher Kowalczyk et.al [23]
and Lecko et.al [29] achieved the best possible values of |[H3 1 (f)| and are given by

4/135, for feC
LYOTES A S

where S§* (1/2) represents starlike functions of order half. In this article, our amis
is to investigate the estimate of |Hs (f)| for the subfamilies RLgn and SLgn of
analytic functions connected with sine function. We also study this problem for
femalies of m-fold symmetric functions connected with sine functions. Moreover,
also we discuss Hj (3) determinnat for the above mentioned femailes.

2 A SET OF LEMMAS

Definition 1. A function p € P iff it has the series expansion

p(2) =14 cp2" (2 €E) (2.1)
n=1

along with the Rp (z) > 0,z € E.
Lemma 1. If p € P and has the form, then

2 for 0< AL
- < == :
[Cmn = Aemen| - < { 22) — 1| otherwise. (22)
len| <02 (2.3)
and for complexr number p, we have
’CQ-MC%‘ < 2max{1,|2p —1]}. (2.4)

The result (2.2), (2.3) and (2.4) are taken from [13], [40] and [21] respectively.
Lemma 2. [/6/Let o, 3,y and a satisfies that a,a € (0,1) and

8a (1 — a) [(aﬁ 292+ (a(a+a)— 5)2] ta(l—a)(B—20)? <40®(1-a)la(l—a).
If p e P, then

<2.

3
vet + ach + 2acics — 560%02 —c4

Lemma 3. [15/Let p € P and has the form (2.1), then
2 = A+ (4 — C%) x,
des = &+ (4—0%) o (2—m)+2(4—c§) (1— |:1:]2> z.

for the certain x and z such that || <1 and |z| < 1.
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Lemma 4. [40]If p € P and has the form (2.1), then
|Je} — Keiep + Leg| < 21|+ 2|K —2J| +2|K — J + L|.
Lemma 5. Ifp € P, then the sharp estimate
len — vegen—k| <2
hold for n,k =1,2,...n >k, v € [0.1].
From this Lemma we obtain the very well known bound for coefficients of p € P,
i.e |cn| <2, as well as the inequality |c, — cxcn—k| < 2 proved by Livingston [32].

Lemma 6. Ifp € P, then ‘0204 — c%‘ < 4.The equality holds only for functions

2,3

p(z) = %J_rzg, (2.5)
2’2

) = 125 (2.6)

and their rotations.

3 BOUNDS OF |H;, (f)| FOR THE SET RL,,

Theorem 1. Let f € RLgy and has the form (1.1), then

il £ gy
N
sl < g
< g
The first bound is best possible.
Proof. If f € RLgp, then (1.3) yields
I{;éfz =1+sinw(z),(z€E). (3.1)
If p € P, then
p(z) —m— 14+ ciz+ ez + ... (3.2)

Equivalently,we have

p(z)—1 izt 432’ +---
p(z)+1 N 2+012+0222+03Z3+""
05
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From (1.1), we easily have

/" (2)

pzP~1

pt1l

3
=1+ api32> + o (3.3)

+2 +
Ap4+1%2 + pTaerng + b

and with support of the series expansion of w (z) along with simple caculations,
we obtain

(w(=)” (W)’ ()

T+sin(w(z)=1+w(z)— 30 + I 4o
further simple computations and rearranging the terms, we have
. 1 o A\ o 5 3 €3 cic2\ 3
1 = 14— = _ 1 - -
+ sin (w (2)) +2c1z+<2 L) et -5 )7
cs 5 4 i cies A\ 4
5 Tt 17 55 & — 3.4
(2 T2 T )F T (3.4)

From (3.3) and (3.4) , we easily achieve
p

Op+1 = mcl, (3.5)
w2 = gt (a-3d). (3.6)
apt3 = ﬁ (03 —cico + icﬁ") , (3.7)
apta = ﬁ <C4 - 62% —cic3 + 20502 — fg) . (3.8)

Using (2.3) and applying triangle inequality in (3.5), we have
p
a < —0.
| p+l| = (p_|_ 1)

Similarly using (2.2) and triangle inequality in (3.6), we achieve
p

|apyo] < — 5.

? (»+2)

Using Lemma 4 and triangle inequality in (3.7), we get

p
a < .
sl < G g)
By re-arranging (3.8) , we get
4 2
__P ja,a 020y
Ap+4 = 2+ 4) |16 + 5 + cics 80102 C4
Utilizing Lemma 2 and triangle inequality, and taking
1 1 5 1
a=-,a= 7/3:777:7

2 2 12 16
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The above values fulfilled all the condition of Lemma 2, we obtain

p

a < —.
| p+4|_ (p+4)

Theorem 2. Let f € RLgy and of the form (1.1). Then

P2+ 2pA

‘%Jr? - )‘%2»+1‘ < (p+ 1)2

b

(2p® + 4p* + 2p) P*+20°+p) o,  A@P*+2%)
Co — Cl_ Cl s

Ap+1°(p+2) 4+ (p+2)  4Ap+1)7(p+2)
p (207 +4p +2) <l(p2+2p+1+p2)\+2p)\)> )
- - C

1(p+1)% (p+2) 2 (p+ 1) a8

P max {1,
(p+2)
Proof. From (3.5) and (3.6), we have

|%+2 - )‘a129+1‘

where

_ <p2 +2p + 1—|—p2)\+2p)\>
(p+1)°
Application of (2.4) and triangle inequality, lead us to

2
P DA+ 2pA }
Qpta — Aa> gmax{l, — ;.

| p+2 p+1’ (p+2) (p+ 1)2

O
For A =1, we achieve the corollary below.

Corollary 1. Let f € RLgn and given the form (1.1). Then
_ 2 < p 3.9
‘ap+2 ap+1| = (p+2) (3.9)

Theorem 3. Let f € RLgy be the series form (1.1). Then

6p
p+1)(p+2)(p+3)

Proof. From (3.5), (3.6) and (3.7), we have

lapt1apt2 — apys| < (

| | P (11p2051” — 36p26162 + 33pc‘;’ + 24p203 — 108pcica + 106‘;’ + T2pcs — 48c1co + 4803)
Apt1Q —a =
prife e Bp+1)(p+2)(p+3)

By re-arranging, we get

D
Apr1Qpra — Apr3| =
1tz =l = R G 1Y)

— (36p* + 108p + 48) c1cz + (24p° + T2p + 48) c3] .
07
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The implementation of triangle inequality together with Lemma 4, give us

6p
(p+1)(p+2)(p+3)

The proof is ended. O

lapt1apt2 — apys| <

Theorem 4. Let f € RLgy be the series form (1.1). Then

p2

(p+2)*

}ap+1ap+3 - a129+2‘ <
Proof. By the virtue of (3.5), (3.6) and (3.7), we get

p2

96(p+1) (p+2)° (p+3)
720111 — 96pcic3 + 96pc§ + 240%02 — 96¢ic3 + 720%) ’ .

|ap+1ap+3 - CLZH‘ (P 01 + 41701 — 24p°cycs + 24p? C2

Use of the Lemma 3, we obtain

2

2 p 2
_ = —12 — 48py — 48 4 — 1-
|ap+1ap+3 ap+2‘ 96 (p+ 1) (p 2)2 (p+3) |( DY PY y) €1 ( Cl) ( |z|)

+ (6p2x2 + 24pa? + 243:2) C% (4 — 01) + (6p x? + 24pa? + 18m2) (4 — C%)2
+(p* +4p+4) .

Applying triangle inequlity, we get

p2

96 (p+1)(p+2)7*(p+3)
+ (6p°2* + 24pa® + 242?) |cf| (4 — ¢}) + (6p°z® + 24pa® + 182?) (4 — c%)2
+ (12p%y + 48py + 48y) |e1| (4 — ¢) (1 — |z])) . (3.10)

lapr1ap+3 — alio ((P* +4p +4) |ci]

Let |c1] = ¢, & |z| = =, Therefore, the above equation (3.10) will become

p2

96 (p+1) (p+2)°(p+3)
+ (6p21:2 + 24pa? + 24:1:2) 2 (4 - c%) + (61)2x2 + 24pa? + 183:2) (4 — c%)2
+ (12p%y + 48py + 48y) c (4 — c}) (1 — z)) . (3.11)

|apt10pts = ag | (0" +4p+4)ct

The above equation (3.11) attains its maximum value at ¢ = 0, and x = 1, we

have )
p

(p+2)*
This is our required result. O
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Theorem 5. Let f € RLgin be given the form (1.1). Then

2p% (p° + 11p* + 48p® + 107p? + 126p + 66)

|Hs 1 ()] < p+1)(p+2)?°p+3)2(p+4)

Proof. We can easily achieve

|H31 (f)] < lapsal |apr1apes — ab o] +lapss| [aprs — apr1apyoltlapral |apra — agy |-

Now, from Theorem 1, Theorem 3, Theorem 4 and (3.9) we obtain

2p (p° + 11p* + 48p® + 107p* + 126p + 66)

|Hs1 (f)| < p+1)(p+27°(p+3)72(p+4)

Taking p = 1, we obtain the following Corollary.

Corollary 2. Let f € RLgn be given by (1.1). Then

359
H 227 0.16620.
|Hs1 (f )I_2160 0.16620

4 BOUNDS OF |Hy, (f)| FOR THE SET SCLg,

Theorem 6. Let f € SLq, and has the form (1.1). Then
lap+1] < p,

for p=1,
otherwise.

SRS
o

IN

lapt2l

\If(p) where W (p (‘Sp —9p+5‘+2‘3p —7‘+|3p +9p+5}
(12p% + 72p% + 68p — 109) for p <2,
L (p* + 6p* +22p + 33) otherwise.

/A
g
B )

lap+3

lapta] <

%hgh
oo

The first two bounds are best possible.

Proof. 1f f € SLqin, then (1.3) gives

2f'(z) _
pf (2)

Also if p € P, then from (3.2) and (4.1) we have

1+w(z),(z €E). (4.1)

) _ [ 20
pf(x)  \1+p)
09
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By using (1.1), we obtain

ZUO NN

pf (2) p p P p P

442 ,a 4 4 at 2a2
14p+-2 Ap+10p+3 Ap+4 1 2
+( pr1%pt2  S0pi1lp+s | 20pd  Tprl  Tpt2) 4

p p p p p

Comparing (3.4) and (4.3), we easily get

ap+1 = 5C1
apt2 = g (pci — cf +2¢2) ,
aptr3 = ﬁ (3p2c:f — 9pc§) + 50‘% + 18pcica — 24pcica
+2403) ,
p
Wis = i ((3p3 — 18p% +29p — 9) i

+ (36p? — 132p + 90) cica + (96p — 144) c1c3
+ (36p — 72) c3 + 144cy) .

Applying (2.3) and triangle inequality in (4.4), we get
|ap1| < p.

By re-arranging (4.5), we have

Cy —

|lapra| = 1

Use of the (2.2) and triangle inequality, we achieve

B for p=1
<< 2 ’
ap+] < { % otherwise.
Re-arranging (4.6), we have
lap+3| = ﬁ ((3p* = 9p+5) ¢} + (18p — 24) c1co + 2403)| .

Use of the Lemma 4 and triangle inequality, we get

2p
a < —U(p

where
U (p) = (|3p* — 9p + 5| +2|3p* — 7| + |3p* + 9p + 5) .
10
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(4.7)

(4.8)



Rearranging (4.7) , we get

D (52p — 40)
= —— | (168p — 145 - 36p — 72
|ap-ya] 1152 (( D )1 <03 (168p — 145)0102 + (36p ) c2

(12p — 32) 2 ) (18p* —29p +9)
S 36p% — 68p + 18 -
<C2 (36p —72) + (360" —68p + 18) ] | c2 (36p2 — 68p + 18) !

(72p—1) 3 4
+144 <C4 TClC{} -+ ?)p Cl .

Utilization of triangle inequality along with (2.2) and (2.3), we obtain

lapsa| < % (12p* + 72p* + 68p — 109) . for p < 2

Now, for the other value of p, we have

1
lapra| = 1152 <3p <—36cf (20% - cz> p2)
29 11
+ (660% <660% — 02> — 96¢1 (160102 - 03> + 36cg> P

1 72
—90¢2 <1001 — cQ) 144 <144 2 C4> — 14401@,) .

The implementation of triangle inequality and (2.2) and (2.3), we obtain

lapta] < — (p + 6p* + 22p + 33) .

— 24
O
Theorem 7. Let f € SLqyn and has given by (1.1). Then for A € C
[apss = AaZyy| < & max {1, [22p — pl}
Proof. From (4.4) and (4.5) , we have
2p  2)p? P’ —p
}ap+2—)\a12)+1| = g2~ 3 3+ ( 3 )c% ,
p ci
with
=2\p—p+1).
Applying (2.4) and triangle inequality
[apsa = Aa2yy| < & max {1, [22p — pl}.
]
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For A = 1, we obtain the following Corollary.
Corollary 3. Let f € SLgn and be given by (1.1). Then
p
|ap+2 — a?,_H‘ < 5 (4.9)
Theorem 8. Let f € SLqn and has the form (1.1). Then

p(6p% +1
|apr1aps2 — apys| < (18)

Proof. From (4.4), (4.5) and (4.6) , we have
3

p 3 p
|ap+1apt2 — apis| = |5 e 144PC1 + 60102 ~ 69| (4.10)

Re-arranging (4.10) , we obtain
lapriapro — apys| = 144 ‘(Gp — 5) ] + 24cie0 — 24(:3|

Use of the Lemma 4 and triangle inequality, we get

p (6p? + 1
ap+1apt2 — apys| < (18)
O
Theorem 9. Let f € SLqn and be given by (1.1). Then
2
p
‘ap+1ap+3 - %2;_4_2’ < e
Proof. From (4.4), (4.5), and (4.6) we have
‘ap+1ap+3 - a127+2| = 576 ‘p — 3p4 — 12p20102 + 48p cicg — 36p 62‘
= 576 ’3p ¢t —cf +12c3co — 48¢ic3 + 3602|
Using Lemma 3 , we get
P2
’ap+1ap+3 - a127+2| 576 ’(3p + 2) ci+ 1201Qx — 24¢1QWy + 9Q%x 2|
Utilizing triangle inequality, we have
p?
‘ap+1ap+3 p+2’ < 576 ((3p + 2) ¢+ 1201Qx + 246, QWy + 9Q%x 2)
with
Q=(1-3) & W= (1 - |m|2) . (4.11)

The function above has the maximum value at ¢; = 0, and |z| = 1 for all values
of p. Therefore
2 p?
‘ap+1ap+3 - a’p+2‘ < e
which is the required proof. O
12



Theorem 10. Let f € SLqy and has the form (1.1). Then

% (24p*V (p) + 108p> + 648p* + 4V (p) + 1260p — 981) for  p <2,

H <
Hs1 (f)] = { L (6p>W (p) + 27p° + 324p% + W (p) + 594p + 891) otherwise.

Proof. We easily obtain

|H3,1 (Nl < |ap+2| ‘ap+1ap+3 - ‘112;+2’+|ap+3| |ap+3 - ap+1ap+2|+|ap+4‘ ‘ap+2 - a127+1| .

Now, from Theorem 6, Theorem 8, Theorem (9), and (4.9), we get

Har ()] < o (24p2T (p) + 108p® + 648p2 + 4T (p) + 1260p — 981)  for  p<2,
7 a %;6 (6172‘1’ (p) + 27p3 + 324p? + W (p) + 594p + 891) otherwise.
where U (p) is given by (4.8). O

Taking p = 1, the following corollary obtain.

Corollary 4. Let f € SLqyn be given by (1.1). Then

1763
|H3,1 (f)| < @ = 0.34008.

5 Bounds of |H;; (f)| for 2-fold and 3-fold functions

Let m € N = {1,2,...}. If a rotation A about the origin through an angle 27/m
carries E on itself, then such a domain E is called m-fold symmetric. An analytic
function f is m-fold symmetric in E, if

f (e%i/mz) =2mmf(2), (z€R).

By S(™) we define the set of m-fold univalent functions having the following Taylor
series form

fz)=2+ Z 12" where (p € N) . (5.1)
k=p

The sub-families RL™ and SL™ of St are the sets of m-fold symmetry bounded

sin sin
turning and starlike functions respectively associated with sine functions. More
(m)
sin

intuitively, an analytic function f of the form (5.1), belongs to the families RL
and S£™, if and only if

sin ?

(=) . (p(z) -1 (m)
o1 1+ sin v +1) p e P, (5.2)

2f' (2) . <p(z)—1> (m)
= l+4sin(—— |, pe P, 5.3
b ) pE 1) )

where the set P(™ is defined by
plm) — {peP:p(z)zlJchmkzmk, (ZEE)}. (5.4)
k=1

Here we prove some theorems related to 2-fold and 3-fold symmetric functions.
13



Theorem 11. If f € RLD and has the form given in (5.1), then

S

2

p
|H3,1 (f)’ < m

Proof. Let f € RLP Then, there exists a function p € P, such that

]J;sz =1 +sin <m> .

Using the series form (5.1) and (5.4), when m = 2 in the above relation, we can get

p
a = — (c2), 5.9
2
p ©
= — — = . 5.6
v = g (0 3) >0
Now,
Hy 1 (f) = apyaapia — appo.
Utilizing (5.5) and (5.6), we get
v 22 2 2 2
Hs1(f)=— co (p°c5 — peq + 4pcs — dpey + 2¢5 — dey) .
D= Tororera® e i 3~ 4
By realterting, it yields
2 (2 2
p° (p°+4p+4 p°+4p+2
Hsi (f) = ( 3 ) (c2) | ca— (2—)03 :
4(p+2)°(p+4) (p? +4p+4)
Using triangle inequality long with (2.2) and (2.3), gives us
2
H31 (N < 57—
a1l = Gy o
Hence, the proof is done. ]

Theorem 12. If f € RLD) and has the form given in (5.1), then

sin

p2

|Hz1 (f)] < L

Proof. As, f € RLY | therefore there exists a function p € PO such that

g;}fzz = 1 +sin <§8:> .

Utilizing the series form (5.1) and (5.4) , when m = 3 in the above relation, we can
obtain

p
23
14

ap+3 = 2



Then,
Hs: (f) = —a§+3-

Hsq(f) =— <4p2 (C§)> :

(p+3)°
Utilizing (2.3) and triangle inequality, we have

|Hs 1 (f)] <

(p+3)*

Thus, the Theorem is proved. O

Theorem 13. If f € SL? and has the form given in (5.1), then

sin
2

|H3,1 (f)| < m

Proof. Let f € Sﬁgg. Then, there exists a function p € P such that

) (p) -1
IO <p<z>+1>‘

Using the series form (5.1) and (5.4), when m = 2 in the above relation, we can get

Wiz = 5o (@), (5.7)
Gpes = (p+1]; T (2p+2)ca—c3). (5.8)

Now,
Hy (f) = api20pia — a5 yp.
Utilizing (5.7) and (5.8), we get

p2

8(p+1)°(p+3)

H31(f) =~ C2 (p2c% — 2p2C4 + 4pc% — 4pcy + cg — 204) .

By realterting, it yields

2 2 2
H3,1(f)=p (2 + 4p+2) (C)<c —((p tap+1) 02>.

S(p+1)°(p+3) 2% +4p +2) 2

Using triangle inequality long with (2.2) and (2.3), gives us

p2

‘HS,l (f)’ < m

Hence, the proof is done. ]

15



Theorem 14. If f € SL) and has the form given in (5.1), then

sin

p2

(p+2)

|Hz 1 (f)] < 3

Proof. As, f € Sﬁg’gin, therefore there exists a function p € P®), such that
2f' () : (p(z) - 1)
=1l+sin|———].
pf(2) p(z) +1

Utilizing the series form (5.1) and (5.4) , when m = 3 in the above relation, we can
obtain

p
Gp+3 = m (c3).

Then,
Hs1(f) = —@§+3-

a1 (0 =~ (7253 ).

4(p+2)°
Utilizing (2.3) and triangle inequality, we have

|Hs 1 (f)] <

(p+2)7*

Thus, the Theorem is proved. O

6 Determinant H, (3) for RLg, and SLq,

Let f, g, be multivalent. Then

f e Rﬁsm@;;gfi. (6.1)
g € Sﬁsin@;“;/((j)). (6.2)

Therefore, if f € RLgn, then Hy (3) = F (c1,c2,¢3,¢4), from (3.6), (3.7) and
(3.8), we get

p2

2304 (p+2) (p+4) (p+ 3)°
+72p° Al — 144pcicy + 38¢5 + 288p>cicy — 5T6p3cicacs + 288p3cs — 288pcics
+432pc3c3 + 24ct ey — 5T6p2cacy + 5T6p?c2 + 1728pcicy — 4032¢; cacz + 1728pcs
—3456pcicacy — 672¢3c3 + 723 ¢ — 3456pcacy + 3456pci + 2592¢3 ¢y — 5184cacy
+2592¢3 + 4608¢3) . (6.3)

16
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Therefore, if g € SLgn, then Hy (3) = G (c1,¢2,¢3,¢4), from (4.5), (4.6) and
(4.7) , we obtain

1
G (c1,c2,c3,¢4) = 9014 (—9p60€f +27p°c8 — 54p5clcz - 21p S+ 36p4clcg + 18p3¢

+288p4c‘i’03 — 324p4c%c§ + 72p30102 — 19p%¢ 432p 0103 + 108p
—12p? 6102 + 1296p301C4 — 1728p>c1cacs + 648p + 336p° 6163 — 36p
—1292p*Zeq + 2016p?cieacs — 1296p>cs + 2592p°cacy — 2304p? ¢

Having regard to the explicit formulae of Hs(3), finding the exact bounds of those
expressions is a difficult issue. For this purpose, we begin with a specific event.

Theorem 15. Let f be given by (1.1) with additional assumption that a1 = 0. If

f € RLgin, then |Ha (3)] < W

Proof. Assume that for f given by (1.1) there is ap41 = 0. From (6.3) it follows that
Cc1 = 0.
If f € RLgin, then

F(c1,ca,c3,¢4) = P’ — (288p2 + 1728p + 2592) ¢
(c1, 2, ¢3, c4) 2304(p+2)(p+4)(p+3)2( (285 P Je
+576c2c4 + (576p* + 3456p + 4608) (cacs — c3)) . (6.5)

The desired estimate follows directly from the the triangle inequality and Lem-

mas 5 and 6. So
2p2

(p+4)(p+2)
holds only if |czcs — 3| = 4 and |c2| = |c4| = 2. By Lemma 6, it is possible only

for p(z) = 1+Z . As a consequence, we obtain the extremal functions f € RLg, for
which (6.6) holds. O

[Hs (3)] < (6.6)

Theorem 16. Let g be given by (1.1) with additional assumption that apiq = 0. If
g € SLgn, then |Hy (3)] < &

Proof. Assume that for g given by (1.1) there is ap41 = 0. From (6.4) it follows that
C1 = 0.
If g € SLgin, then

1
1H2 (3)] = goma | (648p® — 1296p*) c3 + 288p®cacy + 2304p” (caca — c3)| . (6.7)

It is enough to apply Lemmas 5 and 6 to obtain the bounds % for SLgin. The
expression (6.7) is equal to % if and only if |ca| = 2, |ca| = 2 and ‘0204 — =41t
is possible only for rotaions of (2.6) This means that the extremal starlike functions
are g (2) = 175z and its rotations. O

17
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7

Conclusions

In this article, we studied Hankel determinant H3; (f) for the families RLg, and
SLgn subordinated with sine functions. Furthermore, we improve the bound of third
Hankel determinnat for the family SLg;,. These bounds are also discussed for 2-fold

symmetric and 3-fold symmetric functions. Also we discussed Hj (3) determinnat
for the families R Lg, and SLqn.
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