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Abstract This research introduces a distinctive class of exponential ratio-cum-
regression estimators under the technique of stratified random sampling (STRS)
, designed for the efficient assessment of the population mean by incorporat-
ing dual concomitant variables (CV). Six refined estimators are introduced, by de-
riving their mean square error (MSE) through the approximation of first-order.
These derivations are carried out through Taylor expansion technique. Their
performance is systematically assessed against existing alternatives based on
the MSE criterion. Theoretical developments supported by empirical evidence,
and reveal that the proposed estimators consistently offer reduced MSE and en-
hanced percentage relative efficiency (PRE) over conventional methods.
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Introduction

In survey sampling, concomitant variables (CV) indicate supplementary data that can substantially improve
the precision and efficacy of estimators when inferring unknown population parameters. This concept
was first introduced by several researchers, Cochran [2], who advocated for incorporating auxiliary data
through ratio estimators. Estimating population metrics using CV is a crucial element of sampling tech-
niques in statistical surveys. The application of a single auxiliary variable can substantially enhance the
efficiency of estimators by increasing precision and reducing bias. For this purpose, estimation techniques
including product, regression and ratio estimators are employed to exploit the relationship between the
auxiliary and study variables to generate more accurate and dependable results. However, employing
two auxiliary variables instead of one can further strengthen the reliability and accuracy of population
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estimates. Although a single auxiliary variable offers useful insights into population characteristics, the
integration of multiple auxiliary variables provides a more comprehensive and effective approach. In this
context, Muneer et al. proposed an efficient technique for calculating the population mean using auxiliary
variables [16].

Stratification is a vital technique in modern survey methodologies, employed to reduce popula-
tion heterogeneity and boost the reliability of estimates. In this method, diverse population is segmented
into separate strata, with sampling executed independently within each stratum, such that each stratum
is internally homogeneous and externally heterogeneous. Samples are then systematically and indepen-
dently drawn from these strata using appropriate allocation procedures i.e equal, proportional or opti-
mum. Stratified sampling offers notable advantages, including administrative convenience and reduced
survey costs [4].

Substantial research has highlighted the pivotal role of stratification and CV in enhancing the
efficiency of estimators in survey sampling. For this purpose, numerous authors have proposed a range
of estimators within the context of stratified random sampling (STRS). A significant contribution by Zaman
and Kadilar [31] revealed that stratification markedly improves the estimators efficiency when the variabil-
ity between strata surpasses that within strata. Expanding on this concept, Zaman and Kadilar [30], as
well as Zaman [27], laid the groundwork for more refined methods of estimating the population mean by
leveraging auxiliary variables. Building upon these advancements, Zaman [28] proposed an exponential-
type estimator that contributed to a notable improvement in the accuracy of population mean estimation.
Rather and Kadilar [17] extended this line of research by developing a dual form of the ratio-cum-product
exponential estimator, contributing to greater adaptability and efficiency. Mradula et al. [15] designed
an efficient estimator that incorporated a linear cost function. In a simulation-based investigation, Javed
et al. [7] examined progressive strategies for population mean estimation, applying both classical and
innovative approaches. Continuing in this direction, Javed and Irfan [6] proposed optimal estimators uti-
lizing dual auxiliary variables and simulation methodologies to enhance estimation performance. Yadav
and Tailor [24] explored the assessment of finite population means through the application of two CV,
revealing substantial improvements in estimation reliability. Zaman and Bulut [29] introduced a revised
regression estimator that incorporates robust regression strategies and employs covariance matrices to
strengthen estimation reliability. Similarly, Kumar and Vishwakarma [14] suggested a comprehensive
class of regression-cum-ratio estimators aimed at enhancing the accuracy of population mean estima-
tion. Addressing sensitive variables, Zahid et al. [26] developed a generalized class of estimators that
addresses non-response and measurement errors. Additional key contributions to population mean esti-
mation within STRS have been provided by Aladag and Cingi [1], Grover and Kaur [3], Shabbir and Gupta
[19], Khalid [20, 21], Kadilar and Cingi [8, 9], Koyuncu and Kadilar [11, 12], and Singh and Vishwakarma [22],
each offering methodological enhancements and analytical insights. Hussain et al. [5] introduced meth-
ods for estimating the distribution function of a finite population using dual auxiliary information within
both simple random sampling and STRS frameworks. Zaagan et al. [25] suggested a unique estimator that
combines product, exponential, ratio and logarithmic forms to improve the efficiency of population mean
estimation utilizing an auxiliary variable.

The primary aim of this research is to introduce novel and precise class of estimators for the
population mean by employing an exponential ratio-cum-regression approach. These estimators incor-
porate known statistical indicators such as correlation coefficients and coefficients of variation associated
with auxiliary variables to improve the precision of population mean. Consequently, the study explores
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the application of dual CV and assesses the performance of these estimators within the framework of
STRS.

Subsampling And Notation Structures

The finite population S = {1,2,..., L} of N distinguishable units, categorized into L strata. The size of hth
stratum i.e. Ny, (h=1,2,...,.L) such that

L
> Ny =N.
h=1

A sample of size ny, is selected from the each stratum using simple random sampling without replacement
(SRSWOR) to estimate the population mean, ensuring that the total sample size satisfies

L
> np=n.
h=1
The study variable is denoted by Y and dual concomitant information through X and Z, whereas y;;, x,; and
z,; denote the values of these variables in ht stratum for h=1,2,...,L and i=1,2,3,...,N}, units.
For hth stratum, The population and sample means, coefficient of variation, population stan-
dard deviations are represented as

N n
vo_ Z/:’% Yni - _ Z,’:h1 Yhi
- ] _yh - T

Y,
h Nh np
Nh X ny . Nh . ny . S
¥, = 2=t Xhi o 2miXhi 5 =t o XimiZhi o % o _Sh o S
h 1 ’ h 12 B y -, Xh =X Zh =z
Nh np Nh npy Yh Xh Zh
N vV N, Y. N _
s o | ZEWh 2 A e | i@ = Zn)
yh Nh_1 ’ xh Nh_,l zh Nh_1

are respectively. The population correlation coefficients between the pairs (y, 2), (v, x) and (x, 2)
of ¥,X and Z can be represented as py,5, pyxn and py,p. The overall population and sample means of ¥, X
and Z within STRS are represented as ¥ = Vst = S5y Wy Yy, X = Xs¢ = Sob_q WXy, Z = Zsp = Y524 Wy Zj, and

L L L
Vst =Y Wiip Xt =Y WpXp Zst=Y Wy,
h=1 h=1 h=1

where W, = N—,\f is the weight associated with each stratum. Additionally, the error terms are

introduced as egp, = L5, ;) = %%t and ey, = ZE2¢ such that E(ej,) = 0 for (i = 1,2, 3). Also E(2,) = 0,C2,,
5 5 5 | ) Xst Zst 0h V!
E(eqy,) = 0pCypy Ee3p,) = 0pCop, Eeonern) = OnpyxnCynCuns Eleonean) = OnpyznCunConi E(ernean) = OnpxznCunCan

where 0}, = (n17 - N%,)
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Current estimators in STRS:
1) The unbiased sample estimators and its variances are given below:

L

Vst =D Wiih M
h=1
L
V(yse) = Y WibnSy, )
h=1
L
Xst = WpXp 3)
h=1
L
Vixse) =Y WEo,S2, 4)
h=1

Koyuncu and Kadilar [13] proposed modified estimator of Gupta and Shabbir under STRS, as
specified below along with its MSE.

— _ — iy _ aXst + b
Yas = [knYst + koXst = Xst)] X+ b (5)
Where ,
_ b=t W56hSy, _ heq W20,S2 Sk W26, _ X _ ~
h20= =7 o2 = ST Gy = SRR a= vty a=0andb =1
Ky = (-1 +a?l102)l102
a2lZ0, + €211 = £102(1 + £120)
ky = - Vselli11 + alo® oy = £ + €102(=1 = alyqq + E120))}
Xst{a202, + 03,1 = L102(1 + £120)}
YZ(-1+a?l102) (=021 + 1020120)
MSE()_/GS) — _st 10 111 102120 (6)

a2 020, + 02,1 = L102(1 + £120)

Koyuncu and Kadilar [10] proposed a range of combined ratio-product estimators for determin-
ing the population mean, with the objective of enhancing the performance of the estimators by incorpo-
rating coefficients of variation (CVs), estimators are represented by Yrkp, , Yrkp,: Yrkp; @nd Yrep,, as outlined

below:
_ _ Xst) <Zst>
= o) (= 7)
Yrkp, = Yst ( Ree 7o
L
MSE(Vrip,) = Y Wﬁah{syzh +D3SZ + D552 - 2D1 S, + 2D1 D78,y - 2D2S 14} (8)

h=1

Where Dqq = % and D4, = %
st st
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- Xst Zst
Zst 9
Yrkp, = Yst ( Xst) ( Zst) 9
L
MSEWrkp,) = > WhOn{SS, + DT1Sen + D722, + 2D11 Sy + 2D12Sy2h + 2D11 D12z} (10)
- Xst 25t>
st 1
YRKpy = Yst ( Xst) ( 7ot (1)
MSE(Vrkp,) = the,,{ 2+ D21S2, + D%,5%, = 2D11Syxp = 2D12Syh + 2D11 D12z} (12)
- Xst Zst
st 13
Yrip, = Yst < Xst) < Zst) (13)
L
MSEWrkp,) = > W50p8S], + D31 Sa, + D13S2 + 2D11 Sy = 2D12Syz + 2D11D12S,0n} (14)

Koyuncu and Kadilar [13] introduced an improved estimator of Gupta and Shabbir.

_ _ _ = — CX5t+d

YGs2 = [p1Yst + p2(Xst = Xst)] <C)_(st d (15)
Where ,
_ e Wi0nS, _ o1 WE6,,S2 = i W20hSyn _ & _ _
t120 = Ty fop = ===t b = SESL, A= g, c=Tlandd =
> ket WhCih-
Py = (-1 +X20102)0102
X202 05 + 031 = L102(1 + £120)

Vst{li11 + AA203 05 = 214 + Ly02(=1 = Mg + y20))}
Xst{A2030, + 02,1 = L1021 + L120)}

p2 =~

V(=14 X2002)(-6341 + £102£120)

A2£2

(16)
102 6111 8102(1"'6120)

MSE(yGs2) =

Tailor et al. [23] applied the STRS technique in conjunction with the ratio-cum-product expo-
nential estimator introduced by Singh et al.

> h=1 WXy - Xh)] ex lzﬁm Wh(Zh‘Zh)] (17)

Y1p = Yst €xp L
’ [Zh 1 Wh(Xp +Xp) Shet Wi(Zh +2p)

79



VFAST Transactions on Mathematics volume 13, Issue 2 2025

L
_ 1
MSE(yrp) = > WE0, {th + Z(D%Sﬁh +D%,5% = 2D11D13S51) + D128, - DHSyxh} (18)
h=1

The research flow, illustrated in Figure 1, follows a structured approach to develop improved
estimators for population mean estimation in stratified random sampling.

Sampling Framework Variables & Data Methodology
Population®={1,2, N Variables « Data Proposed Estimator
l l Formulation
Population ® = {1,2,..,N Study Variable: ¥ yprop
. T ! Ypswop ‘-‘:WVMI.\';@“‘P“-] —y-',i&'fp....]]

Six Specific Estimors
Divide into L strata | =——| Auxiliray Varirables: X,Z ——> . E>s[E3eE44+E6

Strattum h: N, units Knﬂ“'npiirg:egmr Py, : gijgrﬁff;‘m:; ]
Sar(nszgﬁgg}ih‘s —— Sample means: 'y, 2*, —— Optimal y Calculation
Sample n, /N Efficiency Comparison
Weights: W, =N /N Emperical Validation

Figure 1. Complete methodology flowchart for developing exponential ratio-cum-regression estimators in stratified
random sampling.

Proposed Estimator

A novel set of modified exponential ratio-cum-regression estimators are introduced for evaluating the
population mean within the context of STRS, incorporating known parameter values of auxiliary variables.
The proposed estimators demonstrate greater efficiency compared to current methods, as reflected by
lower variance or MSE and a higher PRE as outlined below.

L v _ = —
_ _ Xh -Xh Zh -Zp
= W +0phexp | = —-Yhexp | = 19
Yprop = Walanyh + By p<Xh+Xh> Yh p(Zh+Zh ] (19)
h=1

In this framework, ay, 8, and v, are optimally chosen to reduce the MSE of the estimator. The
constant "a" acts as a generalizing factor and assumes values derived from the known parameters of the

CV. By leveraging various sets of CV, a diverse class of estimators can be constructed.
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The estimator described above can be represented in terms of its error as follows:

L

X -Xp Zh -Zp
Vprop = hz% W, {’YMYh“ +egp) T Y2 EXP <X X, > Y3h EXP (Z+z,,+2c1ﬂ (20)

Eq(21) represented simplified form of error term

L

_ = - 1 e _
Yprop = Yst = Z Wi [71th(1 +egp) T 12n EXP <‘2e1h) - Y3h €XP (-lp;hﬂ - Yst (21)
h=1

Difference with Ys

L

_ = - 1 3
Yprop=Yst = > Wy {%hyh“ +eon) t12n (1 - 5€h Tt 89%/7) = 73h (1 -
h=1

peop

+ ¢ eZh) -Vh} (22)

Where ¢ = 2 +a

Eq(23) represented the bias of proposed estimator

3 3 -
Bias(Yprop) = Z Wi, [%hyh + o (1 + 9hC > - 73h (1 + 81/)29hcz2h) - Yh} (23)
h=1

Proposed estimator’'s MSE expressed in eq (24)

L
_ - 25
MSE(prop) = D Wi {thyﬁ“ +0pChp) + 73 <1 + 49hC)%h)
h=1

2 2, 2\ .02
*73h (1 T 9hCzh) Y (24)
+Y10v20Pn = v1inv3nEn = Y2n 730
= Y1hGh = v2nHp + 73h/h]

Simplified version of MSE

MSE(prop) = VinAn + ¥3nBn +13,Ch + Y7 + Yinv2nDh = Yinv3nEn = vanv3nFn = 11nGh = v2nHp + v3nln  (25)

Where
A = YRT1 +6,Clp),
25
B |:1 + ZGhC h:| ,

Cp = [1 +'(/J29hczzh} ,
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D=V, [5 +50,C2, - 49,,pyxhcy,,cx,,} ,
- 15
Ep =Y [5 + §¢29hczzh + 2T/Jehpyzhcyhczh + Sehc}%h} ,
_v 3 2, ~2
Fn=Yh |2+ 2900 Coh = UOnpyznCynCan| »
Gp, = 2Y2,
5_
Hp =5V [1 +9hc)%h} ,
=¥, |1+ 2420, C2
h="Yh gV 0nCon

To obtain the most efficient values of v, 7,4 and 434, €q (25) has been differentiated and equate
it result to zero.

OMSE(y
Vprop) -0 (26)
OM1p
2Apv1h t Dpvon —Epvan -G =0 (27)
Similarly
OMSE(y
(Yprop) — 0 (28)
021
2Bpyan + Dpvan = Frvsn -Hp = 0 (29)
Additionally
OMSE(y
Ov3p
2Chv3n = Epvin = Fryon t1h =0 (31

By simultaneously solving Equations (27), (29), and (31), the corresponding values are obtained
and presented in Equations (32), (33), and (34).

1 . (4BhChGh - 2IhBhEh - ZChDhHh + IhDhFh - F/%Gh + EhFhHh)

(32)

hT 2 (4A1B1,Cpy ~ ApFZ - ByEZ - CyD2 + DpEpFp)

o = 1 4AhChHh - ZlhAhEh - ZChDhGh + /hDhFh - EhFhGh - FfZ;Hh (33)
h =2 4ApByCpy - ApE? - BpF2 - C,D2 + DyELFp,

vy = 1 4/hAhBh - ZAhEhHh - ZBhFhGh - IhD% + DhEhGh + DhFhHh (34)
3h=2 4ApByCpy - ApE? - BpF? - CpD2 + DyEpF,

By putting 15, 72 and 43, values in eq (25), MSE (yprop) is obtained shown in eq (35)

82



VFAST Transactions on Mathematics volume 13, Issue 2 2025

Simplified form of MSE

L
_ 1
MSEWprop) = > W, { [ ]} (35)
; 4ApByCpy - ApEZ - B F2 - C,D2 + DyEyF,
L 1
MSE(Yprop) = Z W, L[Qh]mz,,,]] (36)
h=1

Qp = !
" 4a,B,Ch, - ApE? - ByF2 - C,D2 + DyExF,

Qop = [1 6ARBRCHYE - SARERYE — ABLFRYE - ACDRYE + ADpEFp Y
+ 4AhBh - 4AhChH/21 - 2IhDhEhGh - 4BhChGh + 4IhBhFhGh
+ 4ChDhGhHh - D% - ZIhDhFhHh + 4/hAhEhHh
+ERGp = 2EpFyGpHy + FH7]

Proposed Estimator’s Family

Table 1, presents newly developed and refined class of estimators for the population mean that integrate
regression, exponential and ratio estimation techniques. This approach incorporates complementary pop-
ulation parameters including coefficients of variation and correlation to refine the performance of the
proposed estimators.

Table 1. Class of the proposed estimator.

Estimators o
Yp1 = [v1nYn + 720 €Xp ( ) Y3h €XP ( ;) +2py,1] Pyzh
Yp2 = [71nYn + 12n€XP ( = ) Y3h €XP (z ?) 2Cyp] Cn
Yp3 = [1inYn * 72n €XP ( Kok, ) V3h €XP ( ot ) 20yzhCxh] | PyzhCxh
Ypa = [11nYn * v2n €XP (X"Jr;( ) = 73n €Xp ( ; ) + 2051 G

Zpyzhc ] Pyzhc)%h
) +2C2 1 2

Yps = [V1n¥n + 12n €XP (x A ) = Y3h €XP
Ype = [1nYn + 72n €XP (x = ) V3h €X P(

2h
h~

Theoretical Comparisons:

A theoretical analysis was performed to evaluate the efficiency of the proposed estimator relative to con-
ventional estimators under the STRS scheme. The results indicate that the newly developed estimator
demonstrates improved performance over previously established methods in terms of effectiveness. The
list of evaluated estimators is provided below.

(i) Comparing eq (36) with eq (2):
MSE(Yp1) < MSE(yst)
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iff

'I
720102051 Z WZ0,,S;, vh <0

(i) Comparing eq (36) and eq (4):
MSE(p1) < MSE(Xst)

iff ,
1
7121201 - > WE0,SE, <0
h=1

(iii) Comparing eq (36) and eq (6):
MSE(Yp1) < MSE(YGs)

V(=1 +a?0100)(-02,, +f1025120)

25%02 6111 £102(1+€120)

f[Qh][QZh] -

(iv) Comparing eq (36) and eq (8):
MSE(Wp1) < MSE(Vrp,)

L
1
2100101 = > S WROLS], + DFSg, + D357, = 2D1Syxh + 2D1D3Sysh = 2D2S5} < O
h=1
(v) Comparing eq (36) and eq (10):
MSE(Yp1) < MSE(Vrkp,)

L
1
21210221 - > Wﬁeh{s +D3SZ + D352 +2D1 S, + 2D1 DS,z + 2D} < 0
h=1
(vi) Comparing eq (36) and eq (12):
MSE(p1) < MSE(rp,)
L
[Qh][th] > Wi6piS], + DSt + D37 = 2D1Syxh = 2D1D3Syzh + 2D2S,} < O
h=1
(vii) Comparing eq (36) and eq (14):
MSE(yp1) < MSE(Vrkp,)

L

1

Z[Q”][QZ’?]'E :W,2,0h{ h+D sz +D25h+2D15yxh 2D1D3Sy; - 2D3S,75} < 0
h=1

(viii) Comparing eq (36) and eq (16):
MSE(yp1) < MSE(VGs2)

V2(=1+ X20102)(-634 1 + £102£120) <
N2607 + 611 = l102(1 + £120)

1
Z[Qh][QZh]

(ix) Comparing eq (36) and eq (18):
MSE(Vp1) < MSE(y71p)
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1
t7 (D%ﬁfh +D7,5%, - 2D1; D125xzh> +D12Syh - D11Syxh] <0

Zi

L
1 26 |2
7 18]~ hZ: Wi Fn [Syh
=1

Empirical Real Data Sets

Data Set 1: Source: Koyuncu and Kadilar [10]. The dataset was obtained from the Turkish Ministry of
Education in 2007 and covers 923 districts across six regions. It contains information on the number of
teachers (Y), the number of students enrolled in primary and secondary schools (X), and the number of
classrooms (2).

Data Set 2: Source: Sarndal et al. (1992), p. 529 [18]. This dataset provides population figures
(inthousands) for the years 1985 (y) and 1975 (x), along with the total number of seats in municipal councils
(2).

Numerical Evaluation

Two distinct datasets are employed to assess the performance of the proposed estimators. Each dataset
consists of a study variable (Y) and two auxiliary variables (X, Z). Data Set 1 is taken from Koyuncu and
Kadilar [10], while Data Set 2 is obtained from Sarndal et al. [18]. The Mean Squared Error (MSE) and Per-
centage Relative Efficiency (PRE) of both the existing and proposed estimators are presented in Table 2.
The numerical results indicate that the newly proposed estimators are more efficient than the conven-
tional estimators.

Table 2. MSE and PRE comparison across estimators

2*S.No. 2*Estimators Data Set 1 Data Set 2

MSE PRE MSE PRE
1 w1 2309395 100 16248040 100
2 w5 1865652069 0.0012378  1.7103 x 10'0  0.0009500109
3 w3 187993 12.28448 173584.7 93.60294
4 wy 32617479429  0.0000708 86138586393 0.0001886267
5 wsg 32646818500  0.0000707 86255740331 0.0001883705
6 wg 32609720219  0.0000708 86121069004 0.0001886651
7 w7 86121069004  0.0000268 86121069004 0.0001886651
8 wg 32639055049  0.0000707 86238211090 0.0001884088
9 wg 8147950616  0.000283432 21515632105 0.0007551737
10 Wp1 15484.41 149.1432 88478.17 183.639
11 @p2 15640.83 147.6517 89032.98 182.4946
12 @p3 15624.61 147.805 88998.84 182.5646
13 Dp4 15816.23 146.0142 90017.31 180.4991
14 @ps 15859.52 145.6157 89884.57 180.7656
15 W6 15883.90 145.3922 89947.62 180.6389
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Results and Discussion

This study proposes a class of exponential ratio-cum-regression estimators for estimating the population
mean under Stratified Random Sampling (STRS) using dual auxiliary variables. The efficiency of both ex-
isting and proposed estimator families is evaluated using two real datasets based on the MSE and PRE
criteria.

The newly proposed estimators demonstrate varying performance depending on the specific
known parameters utilized, such as py, Cyp, Cyp, and others. Table 2 clearly shows that all proposed
estimators yield smaller MSE values and higher PRE values compared to the conventional estimators, con-
firming their superior performance.

Furthermore, the theoretical efficiency conditions are validated numerically, as all computed
differences remain positive. The results consistently indicate that the proposed estimator family outper-
forms existing estimators across both datasets.

Conclusion

The empirical findings confirm that the proposed class of exponential ratio-cum-regression estimators
achieves the lowest Mean Squared Errors and the highest Percentage Relative Efficiencies across two
real datasets. In particular, for Data Set 1, the estimator wy attains an MSE of 15484.41 with a PRE of
149.1432, while for Data Set 2, it achieves an MSE of 88478.17 with a PRE of 183.639. These results clearly
demonstrate the robustness and efficiency of the proposed estimators, making them strong alternatives
to conventional estimators when auxiliary information is available.
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