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Abstract The article aims to determine the sharp bounds of coefficients,
Fekete-Szeg0, Zalcman inequalities for the family SS7, , of starlike function with
respect to symmetric points linked with tan hyperbolic function. We also estimate
determinant of |H, (f)| is also obtained for the same class. Further, we study

the logarithmic and inverse coefficients for the same class.
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1 Introduction

LetUy = {z € C: |z| <1} denotes the open unit disc and the symbol A indicates the holomorphic (analytic)
functions class normalized by f(0) = f’(0) - 1 = 0. It signifies that f € A has Taylor's series representation

[ er |
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=1
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Let also 9B be the family of Schwarz functions, i.e., holomorphic functions w : Uy — Uy, w0 (0) = 0. We can
write the function ro € B as a power series

o (2) = Z wnz". )

For given analytic functions f and g in Uy, we say that f is subordinate to g in Uy and write f < g if there
exists to € Bg such that

f(@)=8w(2), zeUy.

Moreover, if the function g is univalent in Uy, then f < g if and only if  (0) = g (0) and f (Uy) C g (Uy) .

Using the concept of subordination, Ma and Minda [18] considered a univalent function ¢ in U, with the
properties that ¢’ (0) > 0 and RReg > 0. Also, the region ¢ (Ud) is star-shaped around the fixed point ¢ (0) = 1
and is symmetric along the real line axis. Applying the familiar idea of subordination, they defined the
following unified subfamily of the class S.

{f €S: 2}]:'(2) < 6@, (zeIUd)}.

They focused on consequences including the covering, growth, and distortion theorems. Over the past

few years, a number of collection S subfamilies have been considered as specific options for the class
S* (¢). The following families stand out as being remarkable in the study that has lately been investigated.

(i). Sg=8*(V1+2)[25,30], Sty =S* (1 +2z+ %22) [14, 241, Sgxp = S* (exp(2)) [16, 19],
(i) Stos = S (COS(2) [6], S5y = S* (1 +5in@) [8], Spee = §* (1 +sinh™" 2) 4],
(i) Sk o = S* (cosh(@)) [1], Si, = S* (1 +tanh(2)) [31], SF = S*(1+2+ 322) [11].
In [23] Sakaguchi introduced and studied the class S¢ of starlike functions justifying the condition
with respect respect to the symmetric points. A function f is in S if

. 2zf' (2)
SS—{fGS,i)‘ie{f(Z)_f(_z)}>0, ZeUd}.

As a nature generalization, the class S (v) defined by

¥ g = 2z (2)
S {fe‘s'%{f(z)—f(-z)}““Z)' ZGUC’}'

where proposed in [22], where v (2) = 1 + B4z + B,z + B3Z3 + ... be a univalent starlike function with
respect to 1 which maps the unit disk Uy onto a region in the right half plane which is symmetric with
respect to the real axis and By > 0. For Some recent investigations on univalent functions associated
with the symmetric points, we refer to [20, 32, 33].

Recently, Khalil et al. [27, 29] introduced and studied a new subclass of starlike functions Stnn define
by

tanh = {f cA: Z}C(S) < 1+tanh(z) (zeUd)}.

Motivated by the above works, we defined and study the new subclass of analytic univalent functions
S8t @ssociated with the tan hyperbolic function define by

2/
Stanh = {f €S: f(zf{]ffiz)ﬂﬂanh(z) (ZeUd)}.
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In this paper, we propose a new approach that depends on the connection between the coefficients of
functions belonging to a particular family and the coefficients of corresponding Schwarz functions. In
many cases, it is easy to determine the exact bounds of the functional and do the required calculations.
Our aim is to calculate the sharp estimates of coefficients, Fekete-Szegd, Zalcman inequalities for the
family SS¢,, of starlike function with respect to symmetric points connected with tan hyperbolic
functions. We also estimate the determinant of |, , (f)| is also obtained for the same class. Further,
we study the logarithmic and inverse coefficients for the same class.

To prove our results, we need the following lemmas for Schwarz functions.

Lemma 1. ([27])Let w(2) = Y 72, wnZ" be a Schwarz function. Then for any real numbers o and 3 with
(o, B) € (o, B) € D4 UD, UD3 U Dy, we have the following sharp estimate given by

’W3+aW1W2+ﬂW13‘ <1.

where
D, = {|a|<;,—1<6<1},
1 4 3
D = (5<lal <2 55 (1+]al)’-(1+|a]) <p <1y,
2
D3 = {|a|24,ﬂ23(|a|-1)},
2(1+|al) |af 1 5
= < < < < —
D, {2 ol <4 Z g <P <% (a2+2)
Lemma 2. ([34])If o € B is in the form of (2), then
wal < 1-jwy]?, 3)
lwn| < 1, n>1. (4)

Furthermore, the inequality of (3) can be improved in the manner of
‘W2+nw12‘§max{1,|n|}, n e C. )

Lemma 3. ([/])Letw (z) = wqiz + W222 +... be a Schwarz function. Then

2
< 1. 2 |wa| ’ 6
lwsz| < |wq | T+ w (6)
wal < 1-|wq|?-|wy|?. (7)

Lemma 4. Let frakw(z) = wqz + w22 + ...be a Schwarz function. Then
‘W1W3—W%‘ <1-|w |2.
Proof. Using Lemma 4 and triangle inequality we have

2 2
wiws-w3| < wil ws] + |y

< qwl (11w 2= wa|?) + g |?
= (1= twn ) (lwn |+ wy ]2+ |wp|?)
< (T=|wq]) (lwq | +1)

_ 2
= 1-|wq|°.
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2 Coefficient Problems for Functions

We start with the estimates on some initial coefficients of f € SS7, ;.-

Theorem 1. Letf € SS} Then

tanh’

lax| < 1:

- 2
las| < 1
3 — 2’
lag] < !
4 — 4’
las| < 1

- 4

All these bounds are sharp.

Proof. Assume that f € SS. . From the definition, we know there exist a Schwarz function tv such that

tanh*
22f'(2)  _

mﬂﬂanhm(z). )

Utilizing (1), we get

2zf'(z2) 5 3 , .
W =1+200z+2032° + (—20203 + 40/4) 77+ (—203 + 405) r ok T )
Let

W (2) = Wiz +woz? +wsZd +wyzt (10)

By some easy computation and utilizing the series representation of (10), we achieve
1T+tanh(w(2))=1+wyz+ sz2 + (—;W? + W3> 2+ (—W12W2 + W4) Fak SO (11)

Now, by comparing (9) and (11), we obtain

a, = §W1' (12)
1

as = in, (13)
1 1 1

a, = Z|/|/3-ﬁ|/v$+§W1W2, (14)
1 1 1

s = §W§—ZW12W2+ZW4. (15)

From (12), (13) applying Lemma 2 and triangle inequality, we get

—_

1
lax] <5 and o3| <

2 2
By rearranging (14), we have
1 1 1 3
|G4| = Z W3+§W1W2—§W1 .
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By using Lemma 1 witha = 5 and 8 = —% and triangle inequality, we obtain

1

asl < —.
|4|74

Reshuffling (15), we have

1
Wy + §W§ - W12W2

’

a = -
las | Z

1 1
31wl 3 12l w1 o }.

IN

|as |

By using Lemma 3 and some simple calculation, we obtain

1 |w, |
< _
las| < 4{1 5 ,

1
< -,
las| < Z

The bounds on the estimation of |a, |, |as]|, |a4| and |as| are sharp with the extremal functions given

respectively by

f(i)zj—(f(iiZ) = 1+z—%z3+...,
f (i)zj—c;?z) - ey
L R
Lt et

Theorem 2. Letf € SS7, .. Then

1
‘03 —naﬁ‘ < max {2, ‘—g } .
This result is sharp.

Proof. From (12) and (13), we get

2
‘03-770’2‘

|
N =
N
+

|
N
N—
<
=N

Using triangle inequality and Lemma 2, we obtain

e <o

Putting n = 1, we establish the below inequality.

(16)

(17)

(18)

(19)

O
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Corollary 1. Iff € SS;, ., Is of the form (1), then

—

j03-3 < 3

The result is sharp with the extremal function given by (17).

Now we consider the zalcman functionals for f € SS7_ ..

Theorem 3. Suppose that f € SS;. , be the form of (1), then

tanh
1
|04 -az03] < . (20)
and 1
2
a5 -0a5| < —. 21
‘ > 3) =4 (21)
These inequalities (20) and (21) are sharp for the extremal function given by (18) and (19).
Proof. In virtue of
1 1 3
|04 - az03] = 7 W3 - Swawa - Swy,
so taking o = -3 and 8 = -1 in Lemma 1 yields
|ag - ay05]| < 1
4-0203] = 7.
For ‘05 - a|, we have
’05—02’ = - W4—1W2—W2W2
3 4 2 2 1 '
1 1
jos-a3| < g iwal+ o wa )P+ wel? o] |
4 2
By using Lemma 3 and some easy computation, we get
1 9
2 2
- < - i
as-c| < 3 {1 g 1wl }
1
2
- < —,
as-a3| < g
The assertion of Theorem 3 is thus proved. O

Theorem 4. Letf € SS7, ., be of the form (1), then

}7‘[2]2‘ = ‘0204—0%’ < ]Z

This inequality is sharp with the extremal function given by (17).
Proof. From (12), (13) and (14), we have

1 1 1 1
HZ'Z = 0204 - G% = Z <W§ - §W1 W3 + BW? - 4W12W2> .
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It is noted that

T/ 5 171 5
+1 1 20 w2
1 1
= T, +=T
8 1 8 21
where
Ty ‘Wz‘W1W3‘
and , :
- 4 2 2
TZ_’3W1—2W1W2+W2
Using Lemma 4, we get T{ < 1. Since
1 1 1 1 2
Wi -awiw vw| < w5 we ]2 (1w |2) (1= [w |?)
_ > 2, 11 4_. 2
= =S w1 wn f =g (1w 12),
where c 11
)=1-Zt+—t%
£(0) 31t %

It is easy to be observe that ¢ is a decreasing function t € [0, 1], thus we have £(t) < £(0) = 1. As
| wq |2 €[0,1], we get T, < 1. Hence, we obtain
1 1
< T + T
M| 1+tgla= 4
The assertion of Theorem 4 is thus proved. O

3 Logarithmic Coefficient

The logarithmic coefficients of a given function f, represented by v, := vy (f) , are described as

2 (‘Z)) Z 2" 22)

It seems a natural idea to generalized the Hankel determinant with logarithmic coefficients as entry. In
[12, 13], Kowalczyk et al. first introduced the Hankel determinant utilizing logarithmic coefficients as the
element, we have

Tn Tn+1 -+ Tn+g-1
Yn+1 Yn+2 --- Un+q
Han (Ff/Z) = , , . 23)
Yn+q-1 Intq --- VYn+2g-2
In particular, it is noted that

M

Ha1 (Ff/z) = ‘71 V3 - 72‘

72 73
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If f is given by (1), then its logarithmic coefficients are given as follows

1

mo= 50 (24)
1 1

72 = 2(03—205) (25)
1 1 5

B = 5 |o-a03tga;). (26)

For further investigations of the Hankel determinant on logarithmic coefficients, see [15, 26]

Theorem 5. Letf € SS .. Then

ta :
| z | <
1 4'
| | < —
Y2 = 11
8.

All these bounds are sharp.

Proof. Applying (12), (13), (14)in (24), (25), and (26), we get

- 27

" i (27)
1 1 5

Y2 = ZWZ - EW»] ' (28)
1 1 1 5

3= gW3 - qgWaWa - g (29)

The bounds of v4 and v, are clear. For 43 rearranging, we get
3| = 1 w 1W w: 1W3
73 8 3 2 1Ww2 6 11
By using Lemma 1 with a = —% and g = —% and triangle inequality, we obtain

1
< -,
|’Y3|_8

The equalities holds for the function given by (16), (17), (18) and using (24), (25), (26). O

-(1+n)
16 )

Theorem 6. Letf € SS7, . be of the form (1). Then

2 1
")’2 -1 ‘ < max 2
This inequality is sharp.
Proof. From (27) and (28), we have

\72-77%2’
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Using Lemma 2 and triangle inequality, we obtain

11-(0+n)
2= < max{4' 16 }
Putting n = 1, we get the below corollary.
Corollary 2. Letf € SS;,,, be of the form (1), then
1
"YZ - 712’ < I

Equality is determined by using (24), (25) and (17).

Theorem 7. Letf € SS7, .. Then

1
- < —.
[v3 =71721 <3

This result is sharp. Equality is determined by using (24), (25), (26) and (18).
Proof. From (27), (28), (29), we get

1 1 5
- = _ Wz -wywy - — w3,
|73 =712 g |W3 ~WaWz = 55 W

By using Lemma 1 witha=-1and 5 = —21—4 and triangle inequality, we obtain

1
- <7
[v3=7172] < 8

Which complete the proof.

Theorem 8. If f € SS7, ., is of the form (1), then

1
o (Frr2)| < 5
This result is sharp. Equality is determined by using (24), (25), (26) and (17).

Proof. From (27), (28), (29), we have
1 1 1 7
Hy 1 (Ff/Z) =173 -3 = T <W§ - ZW12W2 - Swiw3 + 48W§‘) .

It is noted that

_ ] T(.2 4 2
‘7{2,1 (Ff/2>‘ = 16’2(W2 W1W3)+2<W2 5aW1 2W1W2>
1 1 5 7 415
= 32\W2‘W1W3(+3z’z 2417 2"
1 1
B A

where
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and

1 7 1
d, = ’2W§+ wi - swiw,|.

2471 2
Using Lemma 4, we obtain ®; < 1. Since

7 1

< (1= twn ) L dwn 14 2 1w 12 (1 1w 1)

3 19
1= w2+ 57 wa 4= o (Iwe]2),

where 3 19
2

=1-_t+ —

o(t)=1 ST+ o715

It is easy to be observe that g is a decreasing function t € [0, 1], thus we have o(t) < o(0) = 1. As
|wq|? €10, 1], we get &, < 1. Hence, we obtain

‘H“(Ff/z)’ 32 +3172(1)231173'

The assertion of Theorem 8 is thus proved. O

4 Inverse Coefficient

The renowned Kdebe 1/4-theorem ensures that, for each univalent function f defined in Uy, its inverse f~'
exists at least on a disc of radius 1/4 with Taylor’s series of the form representation

flw=w+>"Aw", (le < l) : (30)
n=2

Using the representation f <]“1 (W)) =w, we get

A2 = -4 (31 )
A3 = -o03+ 20% (32)
Ay = -04+50,03-503. (33)

Many authors studied Hankel determinants for the inverse functions see [2, 17].

Theorem 9. Letf € SS}, .. Then
1
< —
A2l = 5
1
A < =
Az] = 5,
|As] < !
4 — 4'

These bounds are sharp.
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Proof. Applying (12), (13), (14)in (31), (32), and (33), we get
1

Ay = — 4

2 SW1, (34)
1 51

Az = SWi = 5W2 (35)
1 9 11

Ay = -Zw3+§w1w2-ﬁw$. (36)

The bounds of A, and As are clear. For A4 rearranging, we get

1 22 5
|Ag| = 2 W3—§W1W2+?W1 .
By using Lemma 1 with a = —% and g = 29—2 and triangle inequality, we obtain
1
<.
A4l < 7
The equalities holds for the function given by (16), (17), (18) and using (31), (32), (33). O

Theorem 10. Letf € SS7, ., be of the form (1). Then

‘A3 - nA%‘ < max {l

n-2
7 .
This result is sharp.

Proof. From (34) and (35), we have

n
Aomrl| = glwa-wde gt

W, + (77;2) w?

n-2
7 .

’

Nl = N[ =

Applying triangle inequality and Lemma 2, we obtain

‘A3 - nA%‘ < max {;

Putting n = 1, we achieve the below corollary.

Corollary 3. Iff € S5}, Is of the form (1), then

-k <3
Equality is determined by using (31), (32) and (17).

Theorem 11. Iff € SSf, ., is of the form (1), then

| —

|Ag - AxA3| <

R

This result is sharp. Equality is determined by using (31), (32), (33) and (18).
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Proof. From (34), (35), (36), we get

1 7 13 4
|Ag - ArAs| :Z W3—§W1W2+?W1 .

By using Lemma 1 with a = —% and g = g and triangle inequality, we obtain

1

7

Which complete the proof. O

|Ag - AxA3]| <

Theorem 12. Iff € SS¢, ., is of the form (1), then

palr)| <
(

This result is sharp. Equality is determined by using (31), (32), (33) and (17).
Proof. From (34), (35), (36), we have

_ 1 1 1 2
Ho2 (f 1) = AyAs - A5 = I (W% + ZW12W2 - gwWiws - 9wf) ,

It is noted that

1 2 4 4

1 1 1
-1 = |- (w2- + - - ~wh+ —w?
22 ()] 4‘2(""2 wiws) 2(W2 91 2W1W2>‘
1) 5 11 5, 4 1 5
< g wE-wins| g ng - gud e gutn,
1 1
= O+ =Dy,
g 1787
where
(I)1=‘W§—W1W3‘
and 4 :
d, = W§—§Wf+zw1zwz .

Using Lemma 4, we obtain ®; < 1. Since

2 4 a1 o

il < (1= 1) g w2 (1 1w 12)

3 17
1-3 dwr 12+ 2 I [* =0 (1w 2),

where 3 17
= -+ — 2
o(t)=1 St agtt
It is easy to be observe that ¢ is a decreasing function t € [0, 1], thus we have o(t) < o(0) = 1. As

|wq |2 €0, 1], we get &, < 1. Hence, we obtain

() < o+ o

The assertion of Theorem 12 is thus proved. O
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5 Conclusion

In this article, we determine the estimates of the problems containing coefficients for functions belonging to
the family SS7, ,, of function, which are starlike with respect to symmetric points associated with hyperbolic
tan function, respectively. In proof of the main results, we use the Lemmas derived by Prokhorov and
Szynal, Libera and Zlotkiwicz, Carlson's inequality and bounds on Schwarz function obtained by Eframidis.
The approach is focused on the relationship between the coefficients of functions in the given family and
the coefficients of corresponding Schwarz functions. All the bounds are proved to be sharp. This work may
inspire more investigations on the sharp bounds of analytic functions connected with symmetric points.
For future consideration, forth and fifth Hankel determinant may be considered as [3, 5].
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