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Abstract Inthisstudy, we apply a predictive approach to the problem of finding
new estimators for the estimation of finite population mean using auxiliary vari-
able under probability proportional to size (PPS) sampling. This work is deemed
novel due to the fact that, as far as we are aware, no one has before investigated
the predictive approach to estimating the finite population mean under probabil-
ity proportional to size sampling. The expressions for the bias and mean square
error (MSE) are derived up to the first order. In order to verify the theoretical re-
sults, numerical and simulation investigations are conducted respectively. Based
on the numerical result, it is shown that the suggested estimator performs well
in terms of minimum MSE and higher percentage relative efficiency (PRE). The
conditions under which the suggested estimator is more efficient than the other
estimators are described numerically.
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1 Introduction

In survey sampling, it is to be noted that generally the use of the auxiliary information either at the design
or at the estimation stage or at both stages may increase the efficiency of an estimator. In the literature
of survey sampling, auxiliary information may be used in ratio, product, and regression type estimators
when there is correlation among the variables. Anumber of estimators have been developed using unique
ideas by combining ratio, product, regression, or exponential type estimators, where each estimator takes
advantage of the correlation among the variables. In order to make the estimators more accurate and
efficient, survey statisticians progressively use data regarding auxiliary variables. While measuring the
main variable could be costly, auxiliary information is usually easy to quantify. Numerous surveys make
use of the auxiliary variable to improve the estimators’ ability by taking advantage of the relationship
between it and the variables being examined, either in the sample design or during the estimating stage.

Traditional methods for estimating population means, such as ratios, regression, and exponentials,
have seen extensive application in recent years due to their computational ease and simple structures. In
order to better estimate the unknown population mean of the study variable using a number of auxiliary
variable-related characteristics, including the population mean, skewness, kurtosis, and coefficients of
variation, several scholars have enhanced the standard ratio and exponential estimators. For the ratio,
exponential, and regression estimation methods to work, it is necessary to know the auxiliary variable’s
population characteristics beforehand. Researchers can develop these research findings by examining [1],
[2], [6], and [7].

When the population of interest is homogeneous, then simple random sampling provides better re-
sults. Alternatively, when the sampling units change considerably in size, then units may be chosen by
adopting the probability proportional to size (PPS) sampling. For instance, if we are required to compute
the population in a town in a city, we may choose a variable on which we have information as the auxiliary
variable, e.g.,...

(a) Size of each town in the area (correlation with auxiliary variable = 0.85, say).

(b) Number of families in each town in the area (correlation with the study variable = 0.96, say).

Using the above evidence, we select the auxiliary variables that have the higher correlation with the
study variable. Therefore, we select information on (b) as an auxiliary variable whenever we select a sam-
pling using probability proportional without replacement (PPS) sampling. Similarly, if we carried out a
sample survey related to the income of families, the size of families may vary with respect to its sizes.

[8] suggested an enhanced estimator using the auxiliary information under PPS sampling. [9] recom-
mended an improved estimator using two-phase sampling under PPS sampling. [10] discussed optimum
estimation for estimation of PPS using multi-auxiliary information. [11] and [12] discussed novel estima-
tors for the estimation of the mean using PPS sampling.

Survey sampling describes various methodologies, including model-based and design-based ap-
proaches that use the auxiliary information to build more effective estimators. An encompassing
framework for statistical inferences regarding the environment of a finite population can be model-based
theory or prediction methods. Deriving statistical inferences regarding the population parameters of the
study variable can be achieved by applying model-based theory or predictive estimate theory of survey
sampling. In order to draw valid conclusions about aspects of a population, a sample survey is an easy,
cheap, and practical technique to collect data. The main purpose of a sample survey is to get an accurate
representation of the population. So, to make parameter estimators more efficient, one can use the
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auxiliary information. Various approaches for estimating population means using the auxiliary data are
discussed in the literature, including product, ratio, and regression methods.

Using a prediction approach, [14] attempted to determine the population mean. He combined the un-
observed unit mean with the understudied population mean based on his predictions or estimations of
the unobserved unit mean. Following the work in [15], [16], and [17], some improved estimators for pop-
ulation mean using a predictive approach in the case of simple and successive sampling were considered.
The authorsin [18], [19], and [20] suggested product type and some alternative predictive estimators. The
authorsin [21]-[47] developed modified estimators using auxiliary information under predictive and other
related estimators for the estimation of population parameters.

The studies discussed up to this point are either as efficient as, or even less efficient than, the conven-
tional regression estimator. We introduce a new class of estimators for the research variable’s population
mean estimation in this study, which uses data from auxiliary variables derived from simple random sam-
pling. The primary goal of this work has been outlined by:

1. The goal of this study is to introduce a novel estimator for population mean using auxiliary variables
under PPS sampling using a predictive approach.

2. The properties of the recommended estimator are established up to the first order of approximation.

. The proposed estimator is shown to be useful in a simulation study as well as with actual data.

4. We believe that our proposed estimator could be useful in many contexts and brings something new
and substantial to the study of population mean estimation.

w

The remainder of the article is organized as follows. Section 2 contains the materials and methods
related to the article. The existing estimators are given in Section 3. The suggested estimator is given in
Section 4. To check the efficiency of our suggested estimator, we present a mathematical study in Section
5. The discussion of the article is given in Section 6. Argumentation is given in Section 7. Lastly, concluding
remarks are provided in Section 8.

Let a population w = (wq,wy, w3, ..., wy) Of size N having distinct and recognizable units. Let y; and
(xj, z;, q;) be the characteristics of the study variable (Y) and the auxiliary variables (X, Z, Q) respectively. Let
a sample n be chosen from a population by consuming PPSWR. Let

qi
P,‘ =
SRy g

represent the probability of choosing an auxiliary variable from a set of known values Q. Let Y, (X,Z, Q)
represent the population mean corresponding to the sample means y, (X, z, g) respectively.
We define the following symbols under PPS sampling:

1 & 1 & 1 &
U= U VECD Vi W= w
i=1 =1 i=1
where y X z
i =N - 4i
Y= Vit e T NP
The errors are defined as: _ _ _
gV VX w-Z
0 V ’ 1 )—( 1] 2 2 ’
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with the following properties:
E(e)=0, i=0,1,2,

E(ed)=0C2, E(e?)=v9C2, E(e3)=vC2,

E(egeq) = vpuwCuCy, Eleger) = dpunCuCw, Elerez) = dpumCiCy,

g

where
g
2 I

Cu=7, , Q=

CV:

I3

N N N
ou=Y Plui-Y7?, ov=> Pvi-X? ow=)_ Piw-27
i=1 i=1

i=1

N N N
ow =Y PlUi-VVi-X), ouw=> Pluj-VW;-2), ow =Y Piv;-X)w;-2).
i=1 i=1 i=1

Anticipated values that were not included in the sample using a predictive method lead to the following

population mean estimate under PPS sampling:

= 9(6) . N-=9() -
where 1 1
U=—Y U, Ys=—"=Y u,
(s)% 7S N—ﬁ(s)% !

are the sample mean and non-sampled unit mean estimators of the population mean Y. This leads to the
following prediction for the overall population mean Y when we use PPS with size 9(s) = n:

N-n-_
N Ys.

Y=_0+

=2l

The mean estimate for the population is given by:
titpps) =FU+ (1 = flajipps),

1

where p
I=§ =17

Existing Estimators

Several existing estimators under PPS sampling using the predictive approach have been discussed:

1. **Traditional Estimator**:

Q1 (pps) = U

The variance of aq(pps) Is:
Var(a1(pps)) = ?9Y2C5

2. **Usual Ratio Estimator**: B
_ X
az(pps) = fU+(1 _f)VS
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The bias and mean squared error (MSE) of ap(pps) are:
BiaS(OQ(pps ) ~ ?9Y(C - puvCuCy),

MSE(az(pps)) ~ 9V2(CG + CZ - 2puv CuCy).

3. **Traditional Exponential Estimator**:

aspps) = fu+ (1 -fluexp (7 )

S

The bias and MSE of azpps) are:

Bias(a3(pps))m9y< 3-4f c2- ”“Vc“CV>,

si-HV " 2
2 (2, G
MSE(O{3(ppS)) ~ Y CLI + Z - Pququ .

4. **Difference Estimator*+*:

apps) = fU+(1-f) {u+d<)_(5‘7'v>],

where d is a constant. The MSE of aypps) is:

MSE(aggpps)) = 9V2CH(1 - o).

Proposed Estimator

An estimator’s efficiency during the design and estimating stages can be enhanced with the proper uti-
lization of an auxiliary variable. Moreover, numerous studies have collected data on auxiliary variables
and population unit characteristics. Since they are straightforward to record and cost-effective, the study
variable and several auxiliary variables that are linearly connected are recorded. In order to estimate the
population mean of the research variable, a mixture estimator is used together with these auxiliary vari-
ables, which are often seen as both quantitative and qualitative (attributes) variables. Taking motivation
from the difference in difference estimator and [3] exponential ratio type estimator, we suggest a new
improved estimator for estimation of population mean using predictive approach under PPSWR, which is
given by:

aspps) = fU+(1-f) [T+ Ky (Xs-7) + Ky (Zs - )] exp <X5‘>

Xs+V

where

- 1 __ NX-nvs - NZ nws
XS_N—ngui_ N-n ' ;

o0 =1+ (1 - [3+K; (Fs-9) + Ky (25 -7) exp (XS ‘)

Xs+V
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5(PPS) [fY (1+eg) +(1-f) < (1+eg) - ,(11)_(;1 B Kf{‘?)] [1 _ 2(161_f) + 8?1_—4}‘];2 ﬂ

VoV er, 3-4f 5 epeq v
Q5(pps) ~ Y=Y |:eO— 7 + 8(1 _f)e1 - D) —K1X

e 1€
S —f)] 'Kzz[ 272 —f)]

Taking both sides expectation of (10), we get the bias of our proposed estimators, which is given by:

. 3-4 C,C X0 C2 -
Plaslasees) = {8(1 ;)Cz ) V} i (2(1 f)>+KZZ§pWCUCV

Squaring and taking expression on both sides of (10) we got MSE expression, which is given by:

2

2 C AD? + BC? - 2CDE
MSE(aspps)) = 0 lcﬁ + Lo puvcucvl -

AB-E2

where

— 2 — 2 — C2 _ Pququ _
A= 19CV, B= 19CW, C=9 pLIVCUCV - 7 ' D=9 Pququ - T ' E= ﬂpquuCV

The values of Ki(opt) (i=1,2)are given by:

Numerical Study

Here, we compare the performance of our suggested estimator to existing estimators by means of a nu-
merical study. We take three real data sets. The PRE of agpps) estimator with respect to aq(pps) is carried
out using the below expressions:

Var(aqpps))

PRE= —_ 1(PPS)?
MSE(cj(pps))

x 100, i=(1,23,4,5)

Population-1: [Source: [5]]
Let

Y = Total fertility rate, X = Crude birthrate, Z=Crude deathrate, Q = Expectation of life at birth
N=96, n=20, f=0.2083333, ¢=0.05 VY=3501562, X=26.01146, Z=10.87187
U=19.38656, V=143.022, W =60.60931
S2=6.87443, S,=2.621914, S2=327.7338, S,=18.10342, S2 =68.62184, S, =8.28383

Cy =0.7487839, C, =0.6959786, Cy =0.7619505

C2=0.5606773, C2=0.4843863, (2 =0.5805685
=0.99267, puw =0.7917016, pyuy = 0.7924682

Suy =47.11768, Sy =17.19535, Sy, =118.843, Cu =0.5173176, Cuy =0.4516944, Cyuy =0.5173176
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Population-2: [Source: [5]]

Let

Y = Fish trapped in 1995,

N =69,

Sﬁ =3361460, S, =1833.428,

Suv = 2624900, Syw =1167922, Sy =1526617,

n=12, f=0.173913, ¢ =0.08333333,
u =30440.48,

Cy = 0.4060841,
€2 =0.1649043,

puv = 0.7546307,

Population-3: [Source: [13]]

Let

Y = Total beds,

N = 38,

n=12, f=0.3157895,

U =33893.82,

S2 = 3599389,

¥ =0.08333333,

C, = 0.3829308,
C2 = 0.146636,
puw = 0.4251362,

v =40838.68,

CUV =0.11 73466,

X = Fish trapped in 1994, Z = Fish trapped in 1993,

Cw = 0.326368
C2 =0.1065161

pww = 0.5370245

X = Allocated for Covid, Z = Used by Covid,

w =75067.66

Cuw =0.05634451 ’

Q = Fish trapped in 1992

Y =4514.899, X =4954.435, Z=4591.072
v =33470.67, w=34206.84
S, =1897.205, S2, =2245140, S, =1498.379

Cw = 0.1173466

Q = Patients treated
Y =9965.342, X =13932.08, Z=21217.45

S2=69251593, S, =8321.754, S2=39362574, S,=6273.96, S2 =76580967, S, =8751.055
Cy = 0.8350696,

Suv = 18791322, Syw =51263714, Suw = 31345718,

€3 =0.6973412,

puv = 0.3599156,

C, = 0.4503247,
C2 =0.2027924,
puw = 0.7039386,

Cw = 0.4124462

C2=0.1701119

pyw = 0.5709211

Cuv =0.1 353472,

Table 1. Table 1: MSE and PRE using real data sets

Cuw = 0.2424514, Cyy =0.1353472

Estimators | MSE(Data 1) | PRE(Data 1) | MSE(Data 2) | PRE(Data 2) | MSE(Data 3) | PRE(Data 3)
Q(1(PPS)) 0.3437215 100 280121.6 100 5770966 100
QQ(PPS)) 0.006393021 5376.512 130539.3 214.5879 5209032 110.7877
Q(3(PPS)) 0.005020491 6846.372 120901.5 231.6941 5023399 114.8817
Q(4(PPS)) 0.1008194 340.928 143058.1 195.8096 5070438 113.8159
Q(5(PPS)) 0.004997 6878.557 120445.9 232.5705 2896195 199.2602
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Figure 1. Show MSEs based on real data sets
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Figure 2. Show PREs based on real data sets
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Simulation study
In this part, we show how three simulated data sets with sizes of 5,000 were generated utilizing various
covariance matrices followed by a multivariate normal distribution.

Population-I:

500
500
500
500

K1 =

and

1000 800 810
¥ =850 830 815

840 900 925
Population-II:
500
_ |500
"7 1500
500

and

1600 860 830
X =900 920 940
830 860 880

Population-lil:

500
500
500
500

M1 =

and

450 370 320]
Y= (280 600 200
230 300 555

and

)

[420 430 415
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Table 2. Table 2: MSE and PRE using simulation study

Estimators | MSE (Data 1) | PRE (Data 1) | MSE(Data 2) | PRE(Data 2) | MSE(Data 3) | PRE(Data 3)
Q(1(PPS)) 6.036505 100 0.3177546 100 0.1468262 100
Q2(PPS)) 0.06800332 8876.779 0.005891808 5393.16 0.001745721 8410.631
Q(3(PPS)) 0.05967757 10115.2 0.004631402 6860.873 0.001519015 9665.877
Q(4(PPS)) 1.667502 362.0088 0.09316036 341.0835 0.04077223 360.1131
Q(5(PPS)) 0.05964771 10120.26 0.00460999 6892.74 0.001517999 9672.347

Relative Efficiency Across Estimat
§ ] o Data Sets -
= / : Data 4
- = - [Data
1 Data
= _|
=
T} - -
sy —_ 7
= = -
E o ] /'(
_ax
i - ."I E
£ S b
= L
o~ i)
= | i
— !'-'
=l . .:Il-
- = =
T T T T T
1 =2 3 E. S o
Estimators
Figure 4. Show the PREs of all estimators based on simulation study
Discussion

The proposed estimators are demonstrated to be practical by administering sample surveys and evalu-
ating the efficiency of each estimator with respect to actual data. This section discusses the study main
points, offers an analysis and interpretation of those points, and explains and interprets the results. To
evaluate the impact the suggested generalized estimators, we conducted a simulation study using four
actual data sets. Tables 1 and Table 2 illustrate the mathematical results of MSE and PRE based on real
data sets and a simulation research. From the numerical results of MSE and PRE which are displayed in

10
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Viean Squared Error Across Estimsz
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Figure 3. Show the MSEs of all estimators based on simulation study

Table 1, itis noted that the suggested estimator has minimum MSE and higher PRE. The result of MSEs and
PREs for the real data sets and a simulation study is also shown with the help of graphs, which is given in
Figure 1-4. The results show that the proposed estimators under the probability proportional to size (PPS)
prediction method significantly influence Data-l, Data-Il, and Data-Ill. The simulation study may possibly
validate the same findings. The productivity of the suggested class of estimators is highlighted as being
superior to that of its existing counterparts constructed utilizing the numerical example.

Conclusion

In this article, we suggest improved estimator for estimation of population mean using predictive method
under probability proportional to size (PPS) sampling. It is conceivable to derive the numerical computa-
tions of the bias and MSEs of all estimators up to the first approximation. Three real data sets are employed
to validate the efficiency of an estimator. The result of MSE and PRE is given in Table 1. The efficiency situ-
ations are further analyzed with simulation investigation. The results based on simulation study are given
in Table 2. With a smaller MSE and a higher PRE than the current estimators, the suggested estimator
in these Tables performs better. Based on the numerical results it has been shown that the suggested
estimator have minimum MSE and higher PRE. Given its enhanced performance, the suggested estima-

11
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tor is recommended for implementation across diverse disciplines of study, such as to the biological and
agricultural sciences, commerce, engineering, economics, fisheries, medical and social sciences. It is pos-
sible to extend the current work by estimating the population means using a predictive technique under
systematic sampling. Finally, survey statisticians and practitioners may be interesting in the proposed es-
timators for their potential practical applications due to their positive characteristics under predictive PPS
sampling.
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