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1 Introduction

In survey sampling, researchers seek information from the respondents on sensitive variables. A simple
approach is to use a direct interviewing method; however, direct questioning generally results in high
rates of non-response and/or false response. An alternative procedure is to use the randomized response
survey technique where the survey participants are asked to scramble their responses. The purpose of the
scrambling process is to protect the privacy of the respondents, thus motivating them to participate in the
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survey. First introduced by Warner [26], the randomized response survey technique has attracted survey
researchers over the past few decades. The study of Warner [27] suggested survey researcher to use an
additive random variable in the interview process. Eichhorn and Hayre [8] suggested the use multiplicative
random variable for privacy protection. The optional scrambling model by Gupta et al. [9] proved a key
development in the history of randomized response models as it addressed the difficulties associated
with the earlier models. The study of Azeem and Ali [3] provided a neutral comparison of the efficiency of
optional scrambling models. Recently, Azeem [2] developed the use of an exponential random variable in
randomized response models.

The use of supplementary variable in parameter estimation was suggested by Cochran [5] with the
introduction of a ratio-type estimator. Das and Tripathi [6] used an ancillary variable to estimate the vari-
ance of the population of interest. Isaki [14] proposed a ratio-type variance estimator which was based on
a single auxiliary variable positively related to the main variable. Singh et al. [24] suggested new efficient
estimators for a finite population variance. Kadilar and Cingi [15] also utilized auxiliary information to im-
prove the efficiency of variance estimators. Subramani and Kumarapandiyan [25] utilized the population
median of the ancillary variable to suggest an improved variance estimator. Gupta et al. [12] used a linear
scrambling model to propose a generalized estimator for the variance of the population. The results of
the research of Gupta et al. [12] revealed that their suggested estimator improved the precision of the
Isaki's [14] variance estimator. Saleem et al. [13] have recently presented a novel scrambling model along
with suggesting a generalized variance estimator by using auxiliary variables.

Azeem et al. [4], Lovig et al. [18], and Azeem [1] developed simple and weighted metrics for evaluation
of scrambling models. Other studies related to various types of scrambling procedures include Gupta et
al. [10], Zhang et al. [29], Khalil et al. [16], Singh et al. [21], Singh and Singh [23], Singh et al. [22], Narijis
and Shabbir [19], Kumar et al. [17] and Shabbir and Gupta [20].

Using a new randomized response technique, this study proposes a new improved variance estimator
using an auxiliary variable. We show that our suggested variance estimator is more efficient than the
existing variance estimators in situations in which the variable under study is sensitive. We also show that
our proposed optional scrambling model provides more efficient estimates of variance than the linear
scrambling model.

2 Notations

Suppose a finite population has N units Uq,U5,Us ... Uy and from this population, let a simple random
sample of size n is chosen. We denote the main sensitive variable by ¥ and let X be an auxiliary variable.
Let (x;,y;) be the notation for the observed value of variable (X, Y) for the i:h population unit (i=1,2,..., N).
Further, we use the symbols (x, y) and (X, Y), respectively, for the sample and population mean of variable
X and Y. Moreover, let (5)2(, s%) and be the notations for the sample and population variances of variable X
and Y, respectively. The means and variances can be mathematically written as follows.
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where, urs = ,'r"and s’ are some integers greater than zero.

3 The Linear Combination Model (R1)

Let Z denotes the reported response, and let S be an additive scrambling/random variable, with, £(S) = 0,
E(S?) = J_%, and Var(S) = o§ . Before presenting our proposed estimator, we present some of the existing
variance estimators using the linear combination model.

The linear combination model of Diana and Perri [7] can be expressed as:
Z=TY+S. (M

The measure of privacy protection associated with the above model can be derived as:

Apy = EZ-Y)? = 03 (05 + j) + 0. (2)

Using the linear combination model Z = TY + S, the variance of variable Z may be expressed as:
2_ 2 222,22, 2
07 =07y * 05 = o070y orpy + 05,

or,
2 72
5 _ O o2 - 527
o2 = #' (3)
of +1

A simple variance estimator ty using the linear model may be obtained if we replace Z? and o2 by 22, 52,
respectively. This yields the estimator:

2 2 252
S -o05-07Z

The variance of the estimator t; can be derived as:

Var(to) = 6, (Aao - 1), (5)
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where, 6 = 1.
Isaki [9] developed a novel ratio-type estimator of the finite population variance, which is given as:

2
ag
f=s? (5) , ©)

The Isaki's [9] variance estimator using the linear combination model may be written as:

2 2 252 2
_S7-0g5-o07Z Oy
ty (R1) = 0%7_‘_1 (S)z( . (7)

The MSE of t1(R1), up to the first order of approximation, can be written in the form:

6
MSE@(R1) = [ag‘wo 1) = 20202(02 + 1)(Ap2 = 1) + o402 + 1)2(Noa - 1)]
g
2
(8)
4 454 2 252 2 252 2
where,
2, 2.9%
CZ = Cy + UT + W
Utilizing the linear scrambling model Z = TY + S, Gupta et al. [12] introduced a general estimator of the
variance which is given as:

t>(R1) l(( 2+ + (o) - s¥) w(asg + )+ (1 - w)aog + 5) : 9

where g, w, o, and 3 denote some constants predetermined by the researcher.
The optimum mean square error of the Gupta et al. [12] variance estimator using the linear combina-
tion model (R1) can be obtained as:

0 et —
MSE(t2(R)opt = GZrIp [(0210\40 - 1) +4077%C2 - 4a§a%zzA30CZ)]
'y 1 e (10)
(02172 {(/\04-1) ((UZ(/\ZZ ~1)- 2072 MZCZ) ] :

4 Proposed Optional Scrambling Model (R2)

Using a scrambling variable S, the following optional randomized response model is proposed: written as:

(1+ g)y+ S with probability ,\(%LB)
7= % -S with probability ,\(%B) an
Y with probability 1 - %

where o, 3, and X and are some pre-defined constants. The level of privacy under the general forced model
may be derived as follows:
Ap = E[Z-Y].
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This can be further simplified as:

o« I B 2 B Y 2 1 )

o [ B 2 B y 2
)\(a+6)E _20[Y+S] + )\(a+ﬂ)E {(—1)<2+S>} ,

2 1
|ttt sl et

- Ma+ B) | 4o Ma + B)
_ B2 B 2. 2.1
- [4@(@ T8 ana+ 5)1 Gy + o)+ 305,
Ap= % [4’;(0% + )+ 0—5} : (12)

Using the proposed model, the variance of Z may be derived as:
Var(Z) = E(Z%) - [EQ2)1°. (13)

In equation 13, E[Z] may be simplified as:

__a 8 B (Y. 1
0=t (129 s (2-5) (- D

.« B B (ny 1
E@Z) = o+ D) {(14-20[)”)/4-0} +)\(a+5) (2‘0>+<1‘)\>HY'

Some mathematical simplification leads to:

2a+ [ B 1y

D= D+ ™ e ™ T

Further simplification yields:
E(2) = py. (14)

E(Z)? can be simplified as:

2« 5 2 B Y 2 1 2
st [ ) gt () -

2 1 :
:Adim[0+£g “%”“*%]fwﬁﬁﬂgw%w%**>*0'x)w%wa

2

Qa+ P +ap 1 1
= [O{ @ +1—)\] (0-)2/+:U/)2/)+XUS'

daXa+ B)
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Further simplification yields:

B
4a)

Using equation 14 and equation 15 in equation 13 gives:

1
EQ2)? = ol +pul + W$+u%+xvé (15)

2. 2. BN 2, B 5,15
E(Z)? = o2 (1 +4M) of + oy 2+ ok (16)
Solving for o2 yields:
Ao 1 8 -
2 - 2_' 2 2
7" dax+ 5 (“Z N5 dan? ) (17)

The sample variance estimator may be expressed by replacing o2 and Z2 by s2 and, Z?respectively. This
gives the following variance estimator:

dal 1 8 _
0(R2) = 7355 <s§-Aa§-4mzZ). (18)

5 Proposed Estimator and its Properties

Motivated by Zaman and Bulut [28], we suggest the following variance estimator:

2_¢2
tp = (5,2, +Blo? —5)2()) exp <a °x SX) , (19)

2 4¢2
oy +Sx

where « is a constant.
Under the linear combination model (R1), the proposed variance estimator may be written in the form:

2_.2_ 252 2 2
_[Sz-o05-07Z > 9 oy =Sk
RN =| —=——+ -s7) | ex ) 20
- (2 i) oo (o125 &
tp(R2) = o 52‘1 2_ b 72 ) + B(og -s2) ) ex 7% = 5% (21)
P 4or+ 5\ 74 7S T Zax Ox ~>x p aa)z(+52 .

Theorem 1. Under the linear combination model (R1), the mean squared error of the suggested estimator can
be written in the form:

0
MSE(tp(R1) ~ ———[(07(\go - 1) + A*C5 + B*(\oa - 1)
(o7 +1) (22)
+2ABA5C; - 2A02030C; - 2Bo2 (A - )],
where,
A=20272, (23)
and
a —
B= E(U% - cr_% - O’%ZZ). (24)

Proof. To derive the mean square error, let

2= 05(1+dy), 5% = 05(1 +dy), 2= Z(1 +ey),
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where , , -
Ay =2797 g k"% , _2-Z
Z 0_2 1 0_2 ’ Z Z 1
4 X
such that

E(d) = E(dy) = E(ez) = 0, E(dz)* = (M40 - 1), E(dx)* = 0(\oa - 1), Eez)* = 6C5,
E(dz, dx) = 9()\22 - 1), E(dz, ez) = 0)‘30CZ' E(dx, ez) = 9)‘12CZ'
Using the above notations, our suggested variance estimator may be written as:

2 2 232 2 2 2
_(o5(1 +dz) -0t -072°(1 + €7) 5> 5 oy = ox(1 +dy)
tp(R1) = ( 072_ T + Bloy - ox(1 +dy)) | exp QW . (25)

Simplifying and ignoring terms of higher order, equation 25 becomes:

tp(R1) - 0 ~ 1 [azdz Aey - Bdy]. (26)
T

Taking square on equation 26 and taking expectation on both sides leads to:

E[tp(R1) - 021? ~ S Elo7d5 + A%e5 + B>d - 2Aez05d; + 2ABdxez - 2Bogdzdy].

(02 +1)
Further simplification yields:

0
MSE(tp(R2)) ~ (U%ﬁ

17 (000 = 1)+ 4G5 + 82004 - 1)

0

_ 2 _ 2 _
+ (O—% N 1)2 |:2AB>\‘|2CZ ZAUZ)‘3OCZ ZBO'Z()\ZZ 1)] .
O

Theorem 2. Under the proposed model (R2), the mean squared error of the proposed estimator can be written
in the form:

MSE(tp(R2)) ~ m (7300 = 1)+ D23+ G2 - 1) o
. m [20602C; - 2053330z - 2603022 - 1),
where,
b= %ZZ' (28)
and
6= o} 50~ 378 - g3 29)

Proof. Using these notations defined in Theorem 1, the proposed estimator may be expressed as:

t”‘RZ)‘<4 fA/a( 31 +dg)- 102 - fAZZ“*eZ’2>+B‘”§‘”§’“+dX)> ex”( %) >
)% X
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Simplifying and ignoring terms of order terms, equation 30 reduces to the form:

da

tp(RZ)-a$~4 Y

[O'Zdz DeZ de] (31)
where D and G have been defined in equation 28 and equation 29, respectively.
Squaring equation 31 and applying expectation on both sides leads to:

22 ~ 160272

Eltp(R2) - o) ~ S

E[o2d; - Dez - Gdx]%.

Further simplification yields:

16 2)\29
.\ 16a2>\20

(4o + )2

MSE(t,(R2)) ~
[ZDG)\QCZ - 2D02A30C7 - 2Go2(Ap - 1)] .

O

Remark 1: The minimum values of D and G can be obtained by differentiating MSE(t,(R2)) with respect
to D and G to get the following equations.

DCZ = 62230C; - GA12Cy, (32)

and
G(A\og - 1) = -DA12C7 - 02(Ap2 - 1). (33)

Solving equation 32 and equation 33 gives the minimum values of D and G, expressed as follows:

2, M2A30 t A -1

Dopt = 34
opt UZ( )\%2 _ )\04 +1 ( )
30025 = Xog + 1) = Aa(A1aA30 + Aon — 1
Gopt = 2 30(A72 —Aoa * 1) - Aa(A2A30 + A2 - 1) (35)
o
G /\12—)\04"'1

Using these optimum values of D and G in equation 36 will yield the optimum value of the mean square
error under the proposed model.

Remark 2: Using the notations introduced in Theorem 1, the bias of the proposed estimator using the
proposed optional model can be easily obtained as:

Bias(tp(R2)) ~

40\ ﬁZ
dar+ B

pz? B 5
C% 2 Z()‘ZZ 1)+ a\ )\12CZ O'X()\04 - 1)‘|

6 Comparison of Estimators
Under the linear combination model (R1), the proposed variance estimator is more efficient than the Isaki
[14] variance estimator if:

MSE(tp(R1) < MSE(t1(R1), (36)
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Using equation 8 and equation 22 in 36 gives:
(A-407Z%)C2 +[B? - op(02 + 1)21(\gsa - 1) <
2 |03C2A- 20329230 - CUAB - 207072203 + A1 (37)
+2[03(B-of(o? + Didgz - 1)] -

Under the proposed model (R2), the mean square error of the Isaki's [14] variance estimator can be derived
as:

1602X20 [ 4 I
MSE(t(RD) ~ (7 "= (0400 - 1)+ H2C3 + K2(rg4 - 1) .
1602720 5 X
' W [2HK>\12CZ - ZHUZ)\30CZ - ZKUZ()\ZZ - ’|):| .

Under the proposed model (R2), the proposed estimator performs more efficiently compared to the Isaki's
[14] variance estimator if:
MSE(tp(R2) < MSE(t1(R2). (39)

Using equation 27 and equation 38 in equation 39 gives:

2. 2MaCzHK -DG) - (G* - K*)(A\ga = 1)

727 (D2 - H2)- 20D~ H)CzAs0 - 2(G - KOz = 1) (40)

Now comparing the proposed estimator under the linear combination model and under the proposed
model, the efficiency condition can be obtained as:

MSE(tp(R2) < MSE(tp(R1). (41)
Using equation 22 and equation 27 in equation 41, the above condition simplifies to:

2 GGV2A2 - UPD?) + (Agq - 1)(V2B? - UPG?) + 215 C7(V?AB - UZDG)

, 42
72 " (\oa - NUZ = V2) = 2230C,(UZD - V2A) - 2(\py - 1)(U2G - V2B) (42)

where
4a)

T dar+ '

and
1

-
ch+1

A unified model-evaluation metric was suggested by Gupta et al. [11] as:

MSE
0= N (43)
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a=05p3=05 a =0.758=0.75
a=125p8=3 a=110,8=2
Model Model
n w Estimator R1 R2 R1 R2
50 0.4 to 0.129320 0.176658 0.0641126 -0.167691
t 0.170575 0.214440 0.150889 -0.077342
t 0.169661 0.213375 0.132252 -0.095333
t 0.129805 0.176098 0.117649 -0.112014
50 0.8 to 0.129320 0.176658 0.064112 -0.167691
t 0.170575 0.214440 0.150889 -0.077342
t 0.371409 0.413466 0.255525 0.028949
t 0.129805 0.176098 0.117649 -0.112014
150 | 0.4 to -0.28759 -0.00994 0.081185 0.021145
t -0.27751 0.007468 0.076496 0.017953
t -0.27309 0.009355 0.062839 0.004353
t -0.28694 -0.00782 0.070097 0.010877
150 | 0.8 to -0.28759 -0.00994 0.081185 0.021145
t -0.27751 0.007468 0.076496 0.017953
t -0.20923 0.081577 0.085986 0.028026
tn -0.28694 -0.00782 0.070097 0.010877
250 | 0.4 to 0.021188 0.095099 0.099446 0.1510241
t 0.032469 0.105845 0.101031 0.151734
t 0.034243 0.107658 0.090682 0.141586
tn 0.023006 0.096773 0.0942025 0.145391
250 | 0.8 to 0.021188 0.095099 0.099446 0.151024
t 0.032469 0.105845 0.101031 0.151734
t 0.079445 0.152476 0.1072503 0.157763
ty 0.023006 0.096773 0.0942025 0.145391
400 | 0.4 to 0.019534 | -0.034368 -0.022779 -0.019036
t 0.030122 | -0.023965 -0.023015 -0.018684
t 0.034000 | -0.019977 -0.027498 -0.023425
ty 0.023280 | -0.030648 -0.025592 -0.021629
400 | 0.8 to 0.019534 | -0.034368 -0.022779 -0.019036
t 0.030122 | -0.023965 -0.023015 -0.018684
t 0.063879 0.009618 -0.018745 -0.014339
t 0.023280 | -0.030648 -0.025592 -0.021629

Table 1. Simulated Bias for uy = 3, 0% = 2, N = 5000, 62 = 0.25, and o2 = 5.

7 Simulation Study

For comparison of the performance of various estimators and randomized response models, we con-
ducted a simulation study. We generated a population of N = 5000 units using R package. To maintain a
correlation between the generated values for variable X and Y, we used a regression equation between Y
and X. The results were averaged across 1000 iterations. The results of the simulated bias of the estimators
under the linear combination model and the suggested optional scrambling model have been presented
in Table 1. Likewise, the simulated mean squared errors and simulated values under each model can be
observed in Table 2 and Table 3, respectively. Examining Table 2 and Table 3, the improvement in the pro-
posed estimator over the already available estimators may clearly be observed. We also find that all of the
variance estimators based on our proposed randomized response model are more efficient compared to
the linear combination model. Further, we observe that the simulated values are also smaller under the
proposed model.
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a=05p83=05 a =0.75,3=0.75
a=125p3=3 a=110,8=2
Model Model
n w Estimator R1 R2 R1 R2
50 0.4 to 4777006 | 3.803882 | 4.697353 | 3.670926
t 4.892427 | 3.835163 | 5.014979 | 3.919348
t; 5.046275 | 4.008547 | 4.735513 | 3.740585
ty 4569760 | 3.568900 | 4.573118 | 3.573921
50 0.8 to 4777006 | 3.803882 | 4.697353 | 3.670926
t 4.892427 | 3.835163 | 5.014979 | 3.919348
t 7.234388 | 6.099096 | 5.722855 | 4.609517
ty 4569760 | 3.568900 | 4.573118 | 3.573921
150 | 0.4 to 1.645065 | 1.237848 | 1.543035 | 1.169742
t 1.597992 | 1.244827 | 1.512545 | 1.167188
t; 1.664439 | 1.339574 | 1.513488 | 1.174036
ty 1.557381 1.170619 | 1.464687 | 1.116583
150 | 0.8 to 1.645065 | 1.237848 | 1.543035 | 1.169742
t 1.597992 | 1.244827 | 1.512545 | 1.167188
t, 2.116557 | 1.917187 | 1.760548 | 1.174036
ty 1.557381 1.170619 | 1.464687 | 1.116583
250 | 0.4 to 0.924019 | 0.725209 | 0.910408 | 0.744514
t 0.908798 | 0.696082 | 0.951455 | 0.762017
t 0.970557 | 0.970557 | 0.956403 | 0.772685
ty 0.876526 | 0.672867 | 0.907510 | 0.728406
250 | 0.8 to 0.924019 | 0.725209 | 0.910408 | 0.744514
t 0.908798 | 0.696082 | 0.951455 | 0.762017
t 1.301894 | 1.078280 | 1.131012 | 0.938165
ty 0.876526 | 0.672867 | 0.907510 | 0.728406
400 | 0.4 to 0.609564 | 0.449086 | 0.643009 | 0.450016
t 0.594309 | 0.419566 | 0.630059 | 0.448316
t 0.625153 | 0.452967 | 0.642336 | 0.459138
ty 0.576707 | 0.413399 | 0.623123 | 0.436776
400 | 0.8 to 0.609564 | 0.449086 | 0.643009 | 0.450016
t 0.594309 | 0.419566 | 0.630059 | 0.448316
t 0.805694 | 0.613119 | 0.713292 | 0.535991
tp 0.576707 | 0.413399 | 0.623123 | 0.436776

Table 2. Simulated values of MSEs for uy = 3, 0% = 2, N = 5000, 0% = 0.25, and o2 = 5.

8 Discussion and Conclusion

In the current study, we suggested a novel variance estimator of the sensitive variable under study, along
with an improved optional scrambling technique. We analyzed the algebraic properties of our new pro-
posed estimator using the new proposed scrambling model as well as under the existing linear combi-
nation model. We also derived the efficiency conditions for the proposed estimator under both models.
Finally, we conducted a simulation study to assess the performance of our proposed variance estimator
and our new proposed model.

Table 2 presents the simulated mean squared errors of different estimators of the population vari-
ance. The results were simulated across 1000 iterations with various sample sizes and different values of
parameters. Table 2 clearly shows that our new suggested estimator is the most efficient of all estimators
of the population variance. From Table 2, we also observe that our proposed optional scrambling model
provides more efficient estimates of the variance than the estimates based on the linear model. It may
also be observed that as the sample size n increases, the mean squared error of each variance estimator
declines under each model.

For model-evaluation, the simulated values of have been provided in Table 3 under both the proposed
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a=05p83=05 a =0.75,3=0.75
a=125p3=3 a=110,8=2
Model Model
n w Estimator R1 R2 R1 R2
50 0.4 to 0.571283 | 0.556446 | 0.572541 0.514092
t 0.585086 | 0.561021 0.611255 | 0.548882
t; 0.603485 | 0.586385 | 0.577192 | 0.523847
ty 0.546498 | 0.522072 | 0.557399 | 0.500507
50 0.8 to 0.571283 | 0.556446 | 0.572541 0.514092
t 0.585086 | 0.561021 0.611255 | 0.548882
t 0.865162 | 0.892198 | 0.697536 | 0.645536
ty 0.546498 | 0.522072 | 0.557399 | 0.500507
150 | 0.4 to 0.199032 | 0.188236 | 0.181277 | 0.153979
t 0.193337 | 0.189297 | 0.177695 | 0.153643
t; 0.201376 | 0.203705 | 0.177806 | 0.154544
ty 0.188424 | 0.178012 | 0.172072 | 0.146982
150 | 0.8 to 0.199032 | 0.188236 | 0.181277 | 0.153979
t 0.193337 | 0.189297 | 0.177695 | 0.153643
t 0.256077 | 0.291541 0.206830 | 0.186138
ty 0.188424 | 0.178012 | 0.172072 | 0.146982
250 | 0.4 to 0.111275 | 0.106514 | 0.111458 | 0.097900
t 0.109443 | 0.102236 | 0.116483 | 0.100202
t 0.116880 | 0.111332 | 0.117089 | 0.101605
ty 0.105556 | 0.098826 | 0.111103 | 0.095782
250 | 0.8 to 0.111275 | 0.106514 | 0.111458 | 0.097900
t 0.109443 | 0.102236 | 0.116483 | 0.100202
t 0.156782 | 0.158370 | 0.138465 | 0.123365
ty 0.105556 | 0.098826 | 0.111103 | 0.095782
400 | 0.4 to 0.073399 | 0.068327 | 0.078050 | 0.060748
t 0.071562 | 0.063835 | 0.076478 | 0.060518
t 0.097015 | 0.093284 | 0.077968 | 0.061979
ty 0.069442 | 0.062897 | 0.075636 | 0.058960
400 | 0.8 to 0.073399 | 0.068327 | 0.078050 | 0.060748
t 0.071562 | 0.063835 | 0.076478 | 0.060518
t 0.075276 | 0.068917 | 0.086581 0.072354
tp 0.069442 | 0.062897 | 0.075636 | 0.058960

Table 3. Simulated values of ¢ for uuy = 3, 02 = 2, N = 5000, 0% = 0.25, and o2 = 5.

and the linear combination model. One may observe from Table 2 that the proposed variance estimator
provides smaller values of. This makes our proposed model the most suitable model for real-world surveys
in which the variable under consideration is sensitive. Based on the results of the study, we recommend
the new proposed variance estimator and the proposed scrambling model for application in real-world
sample surveys on sensitive variables.

The research work presented in this paper has some strengths and weaknesses. Optional randomized
response models are superior to traditional models in that they offer the true response option, in addi-
tion to the scrambled response option. Unlike most of the available research studies which have proposed
variance estimators under traditional randomized response models, we developed a novel optional ran-
domized response model and proposed an efficient variance estimator under the new optional model. On
the other negative side, the present study also has some limitations. The proposed estimator is only ap-
plicable in situations where response and non-response errors do not occur. Moreover, we evaluated the
efficiency of our proposed variance estimator under simple random sampling which may not be suitable
if the population units are heterogeneous.

28



VFAST Transactions on Mathematics volume 12, Issue 2 2024

9 Suggestions for Future Research

Measurement errors and non-response are two serious issues often encountered by survey statisticians.
We recommend future researchers to work on analyzing the mathematical properties of our proposed
variance estimator under the existence of measurement errors as well as non-response error.
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