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Abstract This study presents a novel three-step iterative approach for solv-
ing nonlinear equations in the domains of science and engineering. It represents
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a notable change from traditional methods like Halley by eliminating the need
for second derivatives. The suggested method exhibits a sixth order of conver-
gence and only requires five function evaluations, showcasing its efficiency with
an index of roughly 1.430969. The suggested method effectively solves nonlinear
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1 Introduction

Non-linear equations are extremely important almost in every field of science and engineering. Exact

solutions to nonlinear equations are often difficult, making numerical approaches the preferred approach.

Being higher-order accurate and cost-efficient is crucial for a numerical approach, achieved by minimizing

the number of evaluations and iterations required. The study of efficient techniques for solving non-linear

equations is carried out in many studies; see for example some of the recently published research papers
Dher |
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[7, 15, 19-21]. Nonlinear equations frequently arise through the application of mathematical methods,
and finding their solution is a crucial objective in numerical analysis. Several mathematical models are
designed in terms of nonlinear equations. Root-finding algorithms are essential in the fields of science
and engineering because they enable the identification of solutions to equations that are challenging or
impossible to solve analytically [25]. These methods are employed to address a diverse array of problems,
including determining the inherent frequencies of a mechanical system in engineering, identifying the sites
of equilibrium in chemical reactions [3], optimizing functions in operational research [8] , and modeling
physical phenomena in physics [11, 14]. Nonlinear equations are commonly found in real-world problems,
and as such, they play a crucial role in computational mathematics [24]. Root-finding methods are crucial
tools in the progress of research and engineering [23]. They enable scientists and engineers to efficiently
determine the solutions to equations, which in turn helps them comprehend and forecast the behavior
of intricate systems, optimize processes, and create new technologies [26]. A nonlinear equation in one
dimension can be written as:

f)=0, (1

where f : | C R — R with / being a neighborhood of «. It may be noted that o shows the exact root for the
equation in (1).

Several numerical techniques exist for finding the approximate solution of f(x) =0. Among existing
techniques, the Newton-Raphson (NR) method is a highly efficient technique that exhibits quadratic con-
vergence and requires just two function evaluations per iteration. Nevertheless, the NR technique has a
drawback in that it can encounter difficulties when the successive approximations are close to the singular
points of the equation f(x) = 0. Nonetheless, this second-order classical NR method has gained significant
interest among existing nonlinear numerical techniques due to its quadratic convergence and simplicity.
According to the Kung-Traub conjecture [12], an optimal iterative approach has an order of convergence
(p) as 291 = p, with "d" being the number of evaluations per iteration and p is the convergence order.
Based on this, the NR method is likewise an optimal technique.

The present research investigation aims to suggest a modification to the NR technique and its existing
variants. The solutions that require a higher level of accuracy are also of practical significance. Given that
the [12] argument is merely speculative, many researchers have focused on advancing the development
of a variety of approaches, regardless of achieving the desired results [4, 13, 16]. The concept of the
efficiency index (E) is also crucial in evaluating the performance of numerical methods. The efficiency
index is determined by considering the number of function evaluations per iteration (d) and the rate of
convergence (p) of a method. To achieve reliable modifications in conventional methods, scientists have
developed strategies such as enhancing the demand for integration, minimizing the number of function
evaluations, decreasing the requirement of resources, and reducing the occurence of higher-derivative
evaluations with each iteration.

Taylor's expansion, employed in the NR strategy [12], the Homotopy methodology [18], the variational
iterative technique [17], the Adomian decomposition [22], and the quadrature rules [28] are among the
methods utilized to discover several nonlinear solvers. Two iterative methods with the orders p; and p,
can be blended to derive a method having order p; x p,. Although this process includes extra function
evaluations throughout each iteration, the resulting combination is always guaranteed to be faster than
lower-order alternatives. Building upon this methodology, we introduce a novel sixth-order convergent
method by combining the second-order convergent classical NR method with the third-order technique
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described in [9]. Compared to other approaches, the selected procedure suggests a strategy that saves
both time and computation.

The main objective of this study is to introduce a novel and effective multi-step approach, namely a
three-step methodology, for addressing approximate the solution of nonlinear problems. The proposed
procedure starts with the Newton step, which is a technique that many scholars use including [1, 4, 5, 9, 10,
13, 24] and [2]. Furthermore, the suggested three-step method is proved to have sixth-order convergence
by utilizing only five evaluations. The core element of the suggested technique is its ability to minimize
CPU usage compared to other commonly employed strategies. The proposed technique is anticipated to
surpass, and occasionally even equal, previous numerical techniques in terms of convergence rate, but
for a shorter CPU time usage.

The present paper is designed as follows: Section 2 shows a brief overview of the existing numerical
methods to solve f(x) = 0 whereas Section 3 derives the proposed numerical method in detail and its
subsection explain the order of convergence of the proposed method which is proved to be six using
Taylor's series approach. The performance of the proposed method is analyzed in comparison to other
existing well-known methods in section 4 with the help of some nonlinear problems. At the end, the
present paper is concluded with some possible future directions in Section 5.

2 Exiting Methods

Some existing iterative methods have been discussed in this section. The order of convergence, number
of function evaluations, and efficiency indexes are also discussed here. When it comes to a root-solver
then the very first method is the Newton-Raphson (NR2) method whose algorithm is shown below:

xi)
o =3- bl @
]
where i = 1,2,3,.... The NR method given in (2) is a one-step method with second-order convergence

and its efficiency index is 23 ~ 1.4142. Recently in [1], some authors proposed a three-step sixth-order
iterative technique that is a time-efficient and convergent non-linear technique. The efficiency index of the
method is 1.43096, where the method contains five evaluations of functions. This technique is abbreviated
as AS6.

_,. S
Vim0 ey
Zi=Yj- ]]:,((};i)) (3)
Xiv1 =Y -f(y}),(:/f;(z") i=0,1,2..

Some authors in [2] proposed a three-step iterative technique with the sixth order of convergence having
six function evaluations per iteration. The efficiency index of this technique is about 1.348006. This method
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is denoted as SA6.

_, i)
P fikg)
(7))
AV Py @
Xi+1 = Zj Zf(Z,') i=0,1,2..

3@ -
The research work in [27] introduced a new fifth-order derivative-based iterative method, which is a four-
step non-linear technique. This method has an efficiency index of 1.3797. The method is denoted by the
symbol W5.
fx)
.= X —_ ,
.yl 1 f/(xi)
I ((7)

(5)

i=0,1,2..

3 Proposed Method

Getting motivation from [2, 4, 6, 9, 10, 24, 28], we initiate a new algorithm using the Newton-Raphson
method. Hence, a two-step iterative technique we consider here with third-order convergence [9] is given
below:

(6)

2f'y)  fx)
i=0,1,2..
3f'yvi) - /(i) f(x;)
The above two-step third-order iterative method is blended with the classical one-step second-order NR
method to obtain the three-step sixth-order iterative method as shown below:

Xix1 = Xj =

o f)
.yl - XI f/(Xi)'

R ((7)
ZI .yl f/(yl)' (7)

v =y @) fW)
M 3P - PO fiv)
The proposed method (7) has the sixth order of convergence and is denoted as Proposed6. The leading
-37(8)° + (B (B P(B)
96f'(8)°

index (p = p%) is about 1.43, and the function evaluations (x) are 5 per iteration.

term ¢ of the error equation is , the order of convergence (p) is 6, the efficiency
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3.1 Order of convergence
Theorem 1. Assume that 3 be the root of a differentiable function f : R ¢ R — R for an open interval

I. Then the three-step blended root-solver given in (7) exhibits sixth-order convergence, and the resulting
error term is as follows:

3f”(ﬁ)5+f’(/3)f"(ﬁ)3f )(8) s + O( )

€i+1 = 96//(8)

(8)

where e; = x;-8.

Proof. Let 3 be the root of f(x;), x; be ith approximation to the root by the proposed method given
in (7) and e; = x; - 8 be the error after ith iteration. Using Taylor's expansion for f(x;) about 3, we have

fx) =f(B) +ef'(B) + ef”(ﬁ)+ ef )+ﬂe,f )(83) + 120 e?foB)

(9)
1 6g -7f @) g
RGN 15040 +0(ef).
Using Taylor's expansion for ! about g, we have
f (x;)
1 _ 1 ef" O, o (07 [P0, () 6P, fPErE)
o) B fi(3R B3 22 ) "\ efBr B fBP
PN ORI s C G M) ORI SIC)HC)G
T\ 2432 433 f(BP 383 2f(BY* (10
v SO0 e, fP0rE) , fPere)  fPere?
"\ 120782 (BB 12f/(BP 6f' (57 2f(3)*
2f3B"(B°  3FBY"(8) 6
- O(e?).
M TEE appr ) PO

Multiplying (9) and (10) and putting the result in the first step of the proposed method given in (7), we get

G e O ) v ) S C M ¥ M C o (7).

=y — = - / 11
TN T ) 2GR 27 BR | 2fBr | 2ap o\ an
where g; = y; - 5. Using Taylor's expansion for f(y;) about 3, we have
1 5, 1 1
) =£8)+ oif (3) + Ea%f (6)+ god )+ 5o )50 ) 2

1 (6)
720 ’f (B)+ 5040 ’f (’B) ( )
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Using Taylor's expansion for about 3, we have

f/(y,
11 anf"w) 2 (£162 190\, s (S0 167 fOErE)
o)~ F6) - f’ f®3 2f@27) "\ 632 B f6P
() I A () D i ) M A () ) A ) G )l
24f’(ﬁ)2 R T T 2f'(8)* 3
O 62, fOBYE) , fPEIe) _fABre?
- 12037 f’(6)6 12f(5)3 6f' (8 2f/(B)*
3 // 3 1"
BB 3B () 6
O(a}).
f’(6)5 4f'(/3)4 >+ )

Multiplying (12) and (13) and putting the result in the second step of the proposed method given in (7), we
get

oy T off"B) , oPf"BY | off B oRf B off ()

U 278 28 28R 2f(B)° 2B (14)

+0 (0,7) ,

where ¢; = z; - 5. Using Taylor's expansion for f(z;) about 3, we have

fle) = af () + 51"+ @ fPE) + o b E) + s )

(7)
_1 g66) 5 f ()] 8
" 7zoE'f 5020 ¢ (ei) :

Differentiating (15), we have

(15)

112D =F )+ e )+ 33O + SO + 2O

6(7)
FB)
120 GFOB + 5 +O(€'8)‘

2f'z)  f)

3z - 'y f' )
=317(8)° + (A" (83 CNB) €5+

96f/(8)° +0(ef). (17)

The above error equation shows that the three-step proposed method given in (7) has a sixth order of
convergence (p = 6).

(16)

By putting all values in y; - we finally get

€jr1 =

4 Numerical Simulations

This section has addressed the topic of numerical simulations of scalar non-linear equations with the
sixth-order numerical method proposed in (7). When comparing, we will consider parameters such as the
number of iterations (k), the computational cost (COC = kd), the absolute error (¢) at the last iteration, the
absolute functional value (x) at the last iteration, the approximate root, and the CPU time in seconds to
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run the entire code for producing the required simulation results. We used different iterative methods,
which we talked about in Section 2, and compared them to the proposed sixth-order blended root-solver
given in equation (7). The numerical computations are performed using MAPLE 2022 on an Intel (R) Core
(TM)i7 HP laptop with 24GB of RAM, operating at a processing speed of 1.3 GHz. In regard to the numerical
results, we have established a maximum precision threshold of 4,000 digits. The maximum iteration limit
for achieving the desired answer is set at 50. The numerical simulations employ the following criterion to
determine when to stop:

£ = |Xjsq - X;| < 10729, (18)

Given below are five nonlinear equations of scalar type whose exact solutions are given to a desired accu-
racy. We simulate these equations with the proposed three-step iterative method (7) including four other
iterative root-solvers.

Problem 1. f;(x) = x2 +sin (g) -, x*=0.4099920179891371.

ZI

Table 1. Numerical simulations for f1(x) in Problem 1 at initial guess xo = 3.05.

Method k COC 5 X root CPU time

NR2 2 24 2.32e-292  5.35e-584 4.09e-01 1.41e-01
AS6 6 30 5.80e-915 1.00e-4000 4.10e-01 1.40e-01
SA6 6 36 6.68e-1109 0.00e+00 4.10e-01 1.56e-01
W5 6 30 1.32e-251 3.00e-1254 4.10e-01 1.56e-01
Proposed6 6 30 1.32e-1107 0.00e+00 4.10e-01 1.41e-01

—_

Table 1 presents a comparative analysis of root-finding methods applied to f;(x). Notably, the method
(Proposedé6), developed in the present research study, stands out for its efficient convergence, achieving
a small absolute error (¢) of 1.32e - 1107 and a functional value (x) of zero in 6 iterations. Although the
Newton-Raphson method (NR2) exhibits high precision with a lower COC of 24, the proposed method
demonstrates competitive performance with comparable computational cost and CPU time. Other meth-
ods, including AS6 and SA6, also show effective convergence but with slightly higher absolute errors and
functional values. Overall, the proposed method showcases promising efficiency and accuracy, highlight-
ing its potential for practical applications in numerical analysis.

Problem 2. f,(x) = x>+ x- 1000, x* ~ 3.98.

Table 2. Numerical simulations for f,(x) in Problem 2 at initial guess xq = 4.5.

Method k COC € X root CPU time
NR2 10 20 1.34e-327 1.12e-651 3.98e+00  1.60e-02
AS6 5 25 1.62e-756 3.00e-3997 3.98e+00  1.60e-02
SA6 5 30 3.08e-827 3.00e-3997 3.98e+00  1.60e-02
W5 5 25 8.08e-292 2.20e-1453 3.98e+00  1.50e-02

Proposedé 5 25 3.23e-859 3.00e-3997 3.98e+00 1.6000e-02
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Table 2 presents a comparative analysis of several numerical methods applied to solve Problem 2,
which involves finding the root of the function f,(x) = x> + x - 1000. The methods evaluated include NR2,
AS6, SA6, W5, and the proposed method (Proposed6). Each method is evaluated based on several criteria:
the number of iterations (k), the computational cost (COC), the absolute error (¢), the functional value (x),
the approximate root, and the CPU time (in seconds).

From the data, it is evident that all methods converge to an approximate root of x* ~ 3.98. However,
there are notable differences in the performance of the methods across other metrics. The proposed
method (Proposed6) achieves competitive results in terms of the number of iterations, computational
cost, and CPU time compared to the other methods. Additionally, it exhibits extremely low absolute er-
ror and functional value, indicating high accuracy in approximating the root of the function. Overall, the
results suggest that the proposed method (Proposed6) offers a favorable balance of accuracy, efficiency,
and computational cost for solving Problem 2. lIts ability to converge to the desired root with minimal
computational resources underscores its effectiveness as a numerical solution approach.

Problem 3. f5(x) =x3 +cos(x) +2, x*~-1.31.

Table 3. Numerical simulations for f5(x) in Problem 3 at initial guess xo = 0.5.

Method k CoC € X root CPU time
NR2 15 30 6.96e-210 1.97e-418 -1.31e+00  1.88e-01
AS6 7 35 1.18e-402 4.25e-2412 -1.31e+00  2.04e-01
SA6 6 36 7.58e-750 0.00e+00 -1.31e+00  1.87e-01

W5 20 100 5.80e+28  1.25e+86  5.01e+28  5.00e-01
Proposed 5 25 2.20e-410 7.60e-2459 -1.31e+00 1.5600e-01

Table 3 presents a comparative analysis of several numerical methods applied to solve Problem 3,
which involves finding the root of the function f3(x) = x3 + cos (x) + 2. The methods evaluated include NR2,
AS6, SA6, W5, and the proposed method (Proposed). Each method is evaluated based on several criteria:
the number of iterations (k), the computational cost (COC), the absolute error (¢), the functional value (x),
the approximate root, and the CPU time (in seconds).

From the data, it is evident that all methods converge to an approximate root of x* ~ -1.31. However,
there are significant differences in the performance of the methods across other metrics. The proposed
method achieves competitive results in terms of the number of iterations, computational cost, and CPU
time compared to the other methods. Additionally, it exhibits extremely low absolute error and functional
value, indicating high accuracy in approximating the root of the function. Among the other methods, NR2,
AS6, and SA6 also demonstrate relatively good performance, achieving low absolute errors and functional
values. However, they require a slightly higher computational cost and CPU time compared to the pro-
posed method. On the other hand, W5 method shows significantly higher computational cost and abso-
lute error, indicating less efficiency and accuracy compared to the other methods.

Overall, the results suggest that the proposed method offers a favorable balance of accuracy, efficiency,
and computational cost for solving Problem 3. Its ability to converge to the desired root with minimal
computational resources underscores its effectiveness as a numerical solution approach.

Problem 4. f,(x) = log(x) -x3+2sin(x), x*~1.3.
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Table 4. Numerical simulations for f4(x) in Problem 4 at initial guess xg = 1.5.

Method k COC € X root CPU time
NR2 10 20 6.46e-334 2.15e-666 1.30 1.72e-01

AS6 5 25 2.75e-772 1.00e-3999 1.30 1.41e-01
SA6 5 30 1.46e-843 1.00e-3999 1.30 1.72e-01
W5 5 25 1.13e-302 1.97e-1508 1.30 2.66e-01
Proposed 5 25 1.90e-851 1.00e-3999 1.30 1.57e-01

Table 4 provides a comparative analysis of numerical methods applied to solve Problem 4, aiming to
find the root of the function f4(x). The methods evaluated include NR2, AS6, SA6, W5, and a proposed
method. While all methods converge to an approximate root of x* ~ 1.3, notable differences emerge
in performance metrics. The proposed method demonstrates competitive results in terms of iterations,
computational cost, and CPU time, alongside minimal absolute error and functional value. SA6 also ex-
hibits good performance but with slightly higher computational cost. NR2 is better in terms of COC but its
functional value is not promosing. In contrast, W5 shows higher computational cost and absolute error.
Overall, the proposed method offers a favorable balance of accuracy and efficiency for solving Problem 4.
Further exploration could validate its applicability across a broader range of functions.

Problem 5. f5(x) =x3-10, x* ~ 2.154434690031883.

Table 5. Numerical simulations for f5(x) in Problem 5 at initial guess xg = 1.5.

Method k COC € X root CPU time
NR2 10 20 4.77e-221 1.47e-440 2.15 1.60e-02

AS6 5 25 4.65e-496 6.09e-2973 2.15 1.50e-02
SA6 5 30 2.82e-556 1.50e-3334 2.15 1.60e-02
W5 6 30 2.68e-238 7.18e-1188 2.15 1.60e-02
Proposed 5 25 1.98e-576 1.52e-3455 2.15 1.50e-02

In the comparative analysis of numerical methods for solving f5(x) = x3 - 10 in Table 5, the proposed
sixth-order method demonstrates superior performance in key aspects of numerical approximation, espe-
cially in the metrics of convergence speed and accuracy. Despite sharing the lowest iteration count (5) with
AS6 and SA6 methods, which suggests a rapid convergence towards the root, the Proposed method distin-
guishes itself by achieving the smallest absolute error (¢ = 1.98e-576) and the smallest absolute functional
value (x = 1.52e - 3455). This indicates an exceptional precision level, far surpassing the other methods
in achieving closeness to the true root, which is critical for applications demanding high numerical accu-
racy. Furthermore, the computational cost (COC) of the proposed method is competitive, equaling that
of AS6, which, combined with a comparable CPU time to the fastest methods, underscores its efficiency.
Therefore, considering the balance between computational resources and the accuracy of the result, the
proposed sixth-order method emerges as notably advantageous for solving scalar non-linear equations,
as exemplified in this comparison.
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5 Conclusion and Future Work

In conclusion, this study introduces an innovative three-step iterative approach that significantly advances
the field of nonlinear equation solving in science and engineering. By eliminating the requirement for sec-
ond derivatives, this method marks a departure from conventional techniques such as Halley’'s method.
Demonstrating a sixth-order convergence and necessitating only five function evaluations, the proposed
approach proves to be highly efficient, with an index of approximately 1.430969. Its effectiveness in
addressing nonlinear problems involving equations with algebraic and transcendental terms is evident.
Through comparative analysis with existing root-solving algorithms, the superior performance of the pro-
posed method is showcased. The findings not only validate the robustness and efficacy of the three-step
iterative approach but also underscore its potential for broad application across various scientific and
technical domains.

For future research, there are several promising directions to consider. Firstly, the application of
this approach to more complex nonlinear systems, such as those involving multiple variables or higher-
dimensional spaces, warrants investigation. This could involve adapting the method to handle systems of
nonlinear equations or exploring its use in solving partial differential equations commonly encountered
in physics and engineering. Secondly, integrating the proposed method with other numerical techniques,
such as Newton’s method or the secant method, could lead to the development of hybrid approaches
that combine the strengths of different algorithms, potentially offering improved convergence rates and
stability for a wider range of problems. Lastly, the implementation of parallel computing strategies for the
proposed method could significantly reduce computational time, making it more attractive for large-scale
scientific and engineering problems. Leveraging modern parallel computing architectures and techniques
could enable the efficient handling of large datasets and complex simulations, further expanding the ap-
plicability and impact of the three-step iterative approach in the scientific community.
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