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Abstract The study of the stereo vision problems is most crucial and challeng-
ing task in image processing and computer vision. The Stereo Vision problems ad-
dress the investigation of the correspondence between the two images of same
scene (stereo pairs) captured from two different views. Generally, these problems
are inverse and ill posed. To deal with such problems the energy-based regular-
ization techniques are considered as an efficient and most successful approaches.
The adaptive finite element method is used here as discretization method for the
partial differential equation obtained from the optimization of the designed en-
ergy functional. Such type of the regularization generally depends on the smooth-
ness parameters, and their suitable choice. The choice of the smoothing param-
eter in an adaptive way and specifically their choice as a scalar function over the
whole computational domain is an interesting idea. In this work, a variational
model based on the gradient constancy assumption is proposed, moreover a post
optimization method (mesh refinement strategy) is designed which is based on
a priori estimate called average absolute disparity error estimate. The post opti-
mization is based on an adaptive intelligent algorithm which is efficient in identi-
fying the less regular regions of the computed disparity image and reduces the
value of the parameter to refine the grid. Consequently, the smoothness appears
in the solution which is the main goal.
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1 Introduction

Stereo vision is an important and challenging part of computer vision research [10, 17, 20, 23]. Stereo
Vision problems address the investigation of correspondence between the two images of same scene
(stereo pairs) captured from two different views [23]. These views are denoted as right and left views
respectively. The shift in the coordinates between the corresponding pixels is called disparity. For each
pixel in the left image, one has to determine the corresponding disparity (change of its position w.r.t right
image). The corresponding problem is therefore to compute the missing depth information of the scene.
The main application of these corresponding problems is to distinguish the stationary objects from the
moving objects in the scene, thus, avoiding the obstacles.

The ideas of the image motion are very useful in the edge enhancement in 3D reconstruction, robot
navigation (autonomous behavior), medical imaging, video processing, moreover itis also possible to apply
in the fluid mechanics techniques using image scenes [6, 11, 12, 21, 23].

Different approaches have been proposed in the literature since 1976, but due to the uncertainty in
the diffusion models and reliability of computation for the disparity at whole domain of the computation,
moreover the lack of efficiency and the quality of the results the problem have become challenging for the
image community [1, 3, 8, 11, 13, 22-24, 27, 29].

Generally, these techniques are divided into four categories, feature based methods where the cor-
responding corners in the images are matched, area based methods [23] where the pixels of the similar
like patches are matched, Fourier based methods where the phase information is used in the Fourier
domain, and energy based techniques generally known as optimizations techniques which are used to
find the disparity map using some optimization techniques by minimizing the suitable energy functional
[1-3, 6-8, 22-24, 29].

To achieve the goal some explicit assumptions are made to compute the dense flow field. Usually,
these approaches contain a data term and a regularization term. The data term assumes the brightness
doesn’t change with respect to image shift [13] and the regularization term reduces the fluctuations in the
displacement field [2, 5, 6, 24, 29].

The energy based approaches are further divided in to probabilistic [17, 23] that minimize the discrete
energy functional and variational techniques [1-3, 6, 8, 24, 29]that are used to minimize the continuous
energy functionals. The probabilistic models are used to compute the displacement field and disparity in
terms of optimizing a discrete energy function, which may be done by dynamic programming [18] or belief
propagation [16] and graph cuts [17] approaches.

The author [19] has observed some severe drawbacks for the above approaches due to their strict
smoothness assumptions like violation of the piece wise constant disparity specifically in the slanted sur-
faces. However, these restrictions do not apply on the energy based methods, variational approaches. It
is observed from the literature that many methods have been proposed and implemented to estimate the
displacement field that describes the correspondence between the pixels in two images [2, 13, 14, 18, 22,
24, 271.

To solve these problems, the famous methods like the partial differential equations (PDEs) and more
precisely the variational methods have been considered as most successful techniques that minimize a
certain cost function [8, 13, 15, 27, 28]. The variational approach in the imaging techniques consists in
the looking for an optimal solution of the problem as minimizing an energy functional, for example, the
Horn and Schunck functional as the first variational models (1981) for the computation of the optical flow,
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which consists of solving in the least squares sense an equation which expresses the constancy of the
grey level for each pixel of an image in a video sequence [13]. These variational models consist of the data
term and a regularization term. The regularization popularized by the pioneering work of Tikhonov to
solve theill-posed problems [1, 26]. These problems are generally inverse and ill posed as they depend on
the data (image pairs, camera fields etc..) may be incomplete, moreover they are unstable for even small
variations in the data [1-3, 9, 18]. The main classical idea for the solution of such inverse and ill-posed
problems is the optimization and regularization where the Thikonov regularization is a famous method
to handle such problems [4, 25]. Such type of regularization strategies was extended to total variation
TV [9, 18] and Perona-Malik [15]. These strategies generally depend upon the regularization parameters
and their optimal choice to control the diffusion process and obtained the smoothed and stable version
of computed solution.

The main interest of this work is to study the role of the selection of parameters for imaging problems
and the suitable construction of a mathematical model using the gradient constancy assumption for dis-
parity map computation. The regularization of such smoothing parameters in adaptive way is the main
task and interesting aspect of the solution of the stereo vision problems. The regularization of the ill-posed
problems generally depends on the parameters, and their suitable choice which plays a significant role
in the theory of regularization. In most of the smoothing methods the selection of the regularization pa-
rameters is proposed as uniform over the whole domain of the computation. The choice of parameter in
adaptive way and specifically as a scalar function over the computational domain is an interesting idea.
Such adaptive choice was initially introduced by [5] and was extended to the nonlinear problems by [19].

In this work, we propose a model based on the gradient constancy assumption and a post optimization
method that allows this choice of parameters to be made in adaptive way and locally, such adaptation will
be performed by a priori estimate called average absolute disparity error estimate.

2 PROBLEM DESCRIPTION

2.1 General structure
The stereo image pair is a real valued function defined as

fxX)=QxR—R (1)

where X = (x,y)T,x € Q describes the position within in the domain Q € RZ. The f(x) denotes the image
intensities (grey values). The problem is to estimate the one directional dense disparity map u from the
minimizing the following variational energy functional

Flu) = /Q (M), a(x) | Vu | 2)dx )

here x = (x,y)T and V := (0, 8y)T denotes the spatial gradient and «(x) > 0 (i.e. Strictly positive). The
above energy functional Eq.2 is further divided in to two parts (i.e. The data term and the regularization
term). The PDE's (Partial differential equations) based imaging techniques were derived from the idea
of regularization which is generally based on the constancy assumptions called the brightness constancy
assumption and the gradient constancy assumption or the combination of both assumptions.

The brightness constancy assumption: let the image particle moves along with constant brightness
only in x-axis defined as

158



VFAST Transactions on Mathematics

f)=flx+u,t+1) 3)
By applying the First order Taylor's expansion on Eq.3 yields the following equation
fOQ) = f() + fxu + f (4)
the Eq. 4 may be written as
futfe=0 (5)

where fx and f; stands the derivative with respect to x and t respectively.

Gradient constancy assumption: As the brightness constancy assumption does not perform very
well with respect to the brightness changes in the real world image scenes. To deal with such issues, the
following gradient of the image brightness is considered as modification in the usual choice data term.
Mathematically one can write

Vf=Vflx+ut+1) (6)

By using first order Taylor's expansion on Eqg. 6 we have the following equation
0= Vfxu+Vf; (7)

with the combination of brightness constancy assumption and the gradient constancy assumption one
can consider and moreover we can design the data term by combining the Eq. 4 and Eq. 7 as the following

M(u) = O\ [+ u) - F) %) + Oz | VX + u) - VFX) | 2) (8)

The regularization term: Generally, in computer vision problems the addition of the regularization
term in the energy functional is standard way to overcome the ill-posed problems. The regularization
term is considered here as an essential tool to deal with the ill-posed problems and to reduce the high
oscillations in the computed disparity map. The first attempts go back to the authors Tikhono and Arinstien
[25]. Then this idea was applied on the optic flow problems by the Horn and Schunck [13]. Recently a stereo
variational model appeared as [6], with the isotropic disparity-driven regularization approach. We have
proposed here a(x)| Vu |2 as the regularization (smoothness) term which play the role of the smoothing in
the disparity map u by the fill-in the missing information and reduce the unwanted interference between
the data term and the smoothness term. Finally, by adding the designed data term with regularization
term the following energy functional is obtained

F(u) = /Q [ [fO+ U) = FO0 |23+ Do | V(X + 1) = V) | 2} + a()(| Vu | 2)]dx (9)

3 Minimization

3.1 Euler Lagrange Equation
From the methods of calculus of variation the optimization of the energy functional yields the Euler La-
grange's equation. For the simplicity one can re-write the functional 9 in the following way

F(u) = /Q[{A1 Ifit + te |23 + Do | Vcu + Ve |23+ ax)(| Vu | 2)]dx (10)
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For better readability and simplicity we write the above eq.10 in the form of H as:
H = \H; + a(x)H> (11)

where Hy = |fxu + | +| Vfxu+Vfe |2 and Hy = | Vu|? After the simplifying the terms involving the gradients
one can write

OH

37111 = 2(fx2U +fefx) + 2(fxzxu + 2fxxfiyu +fx2yu + ftfix + ftfxy) (12)
here
(6u1 )=0, E)y(au1 )=
Similarly
G2 = 0, B (G2) = 2(uxx), 35, F52) = 2(uyy)

Finally, by substituting the above computed values in Eq.10 the following Euler-Lagrange equation

A1 (f)gu +fifx) + )\Z(fxzxu + 2f iy +fx2yu + ftfix + ftfxy) = a(X)(uxx + Uyy) = 0 (13)

the above problem Eq. 13 is considered with black boundaries, i.e.

3.2 WEAK FORMULATION

It is observed that generally the finite difference methods have been extensively used to find the solution
of partial differential equations (PDE’s) in imaging techniques [6, 7, 13, 24, 29], instead this work have been
conducted with the adaptive finite element method with post optimization strategy. Therefore our next
step to is to write the weak formulation for the derived model(i.e., Eq. 13). The main role of the weak
formulation is to reduce the order of the differentiation. For weak formulation, we have defined here X as
a natural space on which we wish to find the solution of u and Set g = fifx + fefxx + fefxy therefore, one can
derive the following weak formulation for the proposed problem Eq. 13

/ a(X)Vu.Vwdx - / (fxzu.w +f)?xu.w + 2fxxfryuw +f,%,uw)dx = / g.wax (14)
Q Q Q

here H'(Q) = {u € L2(Q), Vu e [2(Q)?} and, L2(2) is the space of square integrable functions. For our
simplicity we create the following notations for the weak formulation

au,w)=lgw), V weH' (15)
here
= Jqa()Vu.Vwadx + fQ(fx uw + fguw + foxfnyW+fnyW X (16)
I(g,w —ng.wdx, vV weH CX

3.3 DISCRETIZATION

The 2-D finite element method is used here as discretization method. Suppose that the domain §j, is
considered as a triangular domain with the mesh T, made up of triangular elements T. The mesh size
is considered as h > 0. In the usual triangulation procedure the intersection of two different elements
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is always empty, a vertex, or a whole edge. We introduce the following discrete space as X;, € X, which
denotes the space of continuous piece-wise finite elements over T;, that is

Xh = {Wh S CO(Q)l vVTe Th,Wth S P1(T)} (17)

Where P;(T) denotes space of all polynomials in R? having degree equal to one. The discrete problem
reads the Eq. 15. For our simplicity we develop the following notation for the discretization

G(Uh,Wh) = /(gh, Wh),V Wp GXh (18)

here
aUp, Wh) = [o aX)VUp N WpdX + [o(F2UR- W + f3UpWh + 2y UnWp + f5,UpWh)dX
/(gh,Wh) = ngh.thX N Whp EXh

(19)

3.4 Computational Algorithm and Mesh Adaption

The inverse and ill-posed problems generally depend on the scaling parameters for regularization. In
usual methods the practitioners extensively choose these parameters as uniform over the whole domain.
In this work idea of the selection of the parameters is given as the non-uniform distribution in the form of
a function of the space over the domain. Such choice is different moreover the choice is given as a post
optimization process which is again different from the usual methods where they optimize then discretize
where as in this case we discretize then optimize. The work is conducted in the spirit of the authors [5, 18]
with slight modification as the application of a priori error estimate instead of a posteriori error estimate.
The work is based on local adaptive process as the control for the selection of the value of the parameter
a(x) . The designed strategy it reduces the value of « in those image regions where the error may occur
very large (refines the mesh) and remain stable in the other regions. Algorithm contains the following
steps:

1. we start with the Cartesian grid T,? w.r.to. the corresponding image and then we have.
2. compute Ug,, ON T,? (mesh) with a), = ag a large constant value.
3. the new choice of and prepare the new mesh T;)

o
(1 + k* | AADE |
The philosophy behind the above formula is that if the AADE in the damaged region is large for example

occurring more than 10% then the proposed adaptive strategy will decrease the value of a consequently
the mesh becomes refined and error decreases over there. Here the value of k is chosen experimentally.

a%ﬂ = max(

0.y k) (20)

4 Results and discussions

In this paper the main results obtained from the average error based regularization strategy have been
presented and discussed in detail. The proposed mathematical model is designed using the gradient
constancy assumption. The discretization of the continuous problem is performed with adaptive finite
element method, moreover the given post regularization process is performed by the designed adaptive
algorithm. The adaptive algorithm is based on the error-based mesh adaptive process in the spirit of
using the a priori error estimate instead of a posteriori error estimate which is easy and suitable for the
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synthetic images. The simulations have been performed with the software FreeFem ++ (online available
at http://www.freefem.org), which is a programming language for the solution of PDEs (partial differential
equations) using FEM (finite element method). The selected domain of the computation is a triangular
grid where the finite elements are triangles. The experiment has been conducted on the synthetic stereo
image pair called Teddy stereo image pair as shown in figure. 1. The reason for the choice the synthetic
images is the availability of the ground truth which allows the computation of the average adaptive error
and its applicability in the designed adaptive procedure. The inverse and ill-posed problems generally
depend on the regularization parameters. The general choice of such parameters has been observed in
the literature as uniform (constant) on the whole domain of the computed image.

Figure 1. (a) Left image of Teddy stereo pair (b) Ground truth (c¢) Right image of Teddy stereo pair

This computational work is divided in two categories, the first part of the work is dedicated to the
selection of the parameters as uniform on the whole domain, where one is interested to analyze the
performance of the discrete model Eq. 19 and the second part of computation is based on mesh adaption
preformed by the proposed algorthim. Furthermore to check the performance of the proposed model we
compute average absolute disparity error as the following

,I n
AADE(u, t8%) = WZ |Ug,p - Ut |2 21)
i=1

4.1 Example 01

In our first example the performances of proposed algorithm have been analyzed with the uniform selec-
tion of the parameters over the whole domain of the computation. The simulations have been produced
with the various values of o« whereas the constant values for all other scaling parameters have been fixed
as one. The main interest in the parameter « is to establish the connection between constant choice of
the parameters and the automatic choice of the o with the main adaptive regularization algorithm. The
six readings of the experiment have been conducted and the average absolute disparity error (AADE) has
been computed for each reading. The values of the parameter and computed results at each reading are
given in the Table. 1, Figure. 2 and the Figure. 3(a-f).
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Table 1. Results for Average absolute disparity error with uniform selection of values of « .

Reading No 1 2 3 4 5 6
a 100 50 10 1 0.1 0.01
AADE 0.5123 | 0.4543 | 0.4226 | 0.4216 | 0.4213 | 0.4345

Average Absolute Disparity Error
.52
-
0.5 1
048
S
£ 046 —t— AADE
==
0,44
0.42
0.4 T +
I 2 3 4 5 a 7
No of Readings

Figure 2. AADE on various iterations for Teddy stereo pair with uniform selection of scaling parameter

(a) Disparity map at o=100

(d) Disparity map at a=1.0 (e) Disparity map at «=0.1 (f) Disparity map at «=0.01

Figure 3. Results for the disparity map using with uniform selection of scaling parameter
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From the above results(i.e.,Figure 3 (a-f)), one can see that AADE decreases with the smaller values of
the « on the computational domain. Such a interesting behavior of the solution assures the significant role
of diffusion scaling parameter in inverse problems. It has been also observed that with the very smaller
values of the pixel brightness also decreases, which effects the useful information in the computed image.
Simply one can conclude that our proposed algorthm with uniform selection of scaling parameter give
better results when 0.01 < a < 1.

4.2 Example 02

In our second example the proposed model based on the gradient constancy assumption and a post
optimization method that allows this choice of parameters to be made in locally and in adaptive way
has been computed successfully. The algorithm with its intelligent choice of regularization parameters
showed a dramatic improvement in the solution at every adaptive step and revealed the precise effects of
smoothness with the isotropic mesh adaptation process. Moreover the six adaptive iterations have been
performed to check the clear performance of the designed algorithm. The algorithm is initialized with the
large regularization parameter o = 1000 and all other parameters are fixed. The designed algorithm is
average error based, therefore the results for the average absolute disparity error and maximum average
absolute disparity error are given at each adaptive step of the computation one can see the Table (2 and
3) and the Figures. 4 and Figure. 5. The disparity map results at each step of the adaptive process are
given in the Figure.6(a-f) and Figure. 7(a-f). Each image is assigned a caption showing the purpose of the
image at various adaptive steps.

Table 2. Results for Average absolute disparity error at different iterations

Iteration No 1 2 3 4 5
AADE 0.4359 | 0.4252 | 0.4193 | 0.4149 | 0.4203

0.44 Average Absolute Error

0.435 4

0.43

Error

0.425
0.42 —+—AADE

0.415

0.41 T
1 2 3 4 5 6 7
Mo of iteration

Figure 4. Result for average absolute disparity error
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Table 3. Results for Maximum Average absolute disparity error at different iterations

Iteration No 1 2 3 4 5
AADE 0.8244 | 0.8212 | 0.8199 | 0.8198 | 0.8207

0525 Maximum Average Absolute Disparity
T Error
0.824

0.823 -
§0.822 . —¢—Max. AADE
ml1821 7

0.82 -

0.819 : : ,
1 2

h
f=

3 . 4
No of iteration

Figure 5. Results for Maximum Average absolute disparity error

(a) Disparity at first iteration (b) Disparity at second iteration (c) Disparity at third iteration

(d) Disparity at fourth iteration (e) Disparity at fifth iteration (f) Disparity at sixth iteration

Figure 6. Results for the disparity map using with uniform selection of scaling parameter
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ption at seventh iteration (b) Mesh Adaption at second iteration (c) Mesh Adaption at third iteration
¥l i o o 7 A B

(a) Mesh Ada

2

(d) Mesh Adaption at fourth iteration  (e) Mesh Adaption at fifth iteration (f) Mesh Adaption at Sixth iteration

Figure 7. Mesh results for the disparity map at different iterations with local selection of scaling parameter

From the overall performance of the designed post optimization process for gradient constancy stereo
model, it has been observed that the proposed method yields the satisfactory results and such regular-
ization plays a significant role as good error based mesh refinement method. The regularization process
is prepared to control the values of in the damaged (less regular) regions of the computed image. This
algorithm makes the intelligent choice for the values of the smoothing parameter in less regular regions
of the disparity map image and decrease over there. Consequently the refinement in the triangular mesh
appears and keeps the value constant in the regions where motion does not appear and the regions where
the solution is already refined with small error. The overall average disparity error map decreases at each
adaptive step. As it is clearly observed that after fourth adaptive iteration the method starts to diverge as
the adaptive error starts to increase and the solution starts to damage quickly. From the performance of
the method one can say that the main goal of the work is achieved up to a good satisfactory level. The
work is interesting and it is possible to apply the idea on various other applications like image denoising,
edge detection and optic flow.

5 Conclusion

In this work a novel adaptive method based on gradient constancy assumption has been applied for the
computation of disparity depth from the stereo image pairs. The method is based on an adaptive Finite
Element Method based discretization along with the post optimization process by an intelligent adaptive al-
gorithm was successfully tested to determine the scalar valued disparity map (stereo depth) from the pair
of images of the same scene. Initially the proposed algorithm was successfully tested with the constant
(uniform) choice of the smoothing parameters. Thereafter the proposed model based on the gradient
constancy assumption and a post optimization method that allows this choice of parameters to be made
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in locally and in adaptive way has been computed successfully. The algorithm with its intelligent choice
of regularization parameters showed a dramatic improvement in the solution at every adaptive step and
revealed the precise effects of smoothness with the isotropic mesh adaptation process. From the overall
performance of the designed post optimization process for the gradient constancy stereo model, it has
been observed that the proposed method yields the satisfactory results, and such regularization plays
a significant role as good error based mesh refinement method. The regularization process has been
prepared to control the values of « in the damaged (less regular) regions of the computed image. The
results were compared with its related existing models were observed satisfactory. The smoothness term
requires the crucial attention, that may be modified in the light of the famous authors and mathematical
imaging community. The work is interesting, and it is possible to apply the idea to various other applica-
tions like image denoising, edge detection, optic flow and so on. As the modifications in mathematical
model and settings of regularization parameters, especially in local and adaptive way yields the better-
ment in visual quality of result but the improvements are still required, particularly in modeling aspect
and selection of this novel algorithm with sharp error estimates and threshold settings, which is under
consideration as future work.
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