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Abstract Minimal neighbor balanced designs are economical, therefore, these
are preferred by the experimenters to minimize the bias due to neighbor effects.
Minimal circular balanced neighbor designs cannot be constructed for almost ev-
ery case of v even, where v is number of the treatments to be compared. For v
even, the circular GN2-designs in which each treatment appears exactly once as
neighbors with all other treatments except the one with which it appears twice,
are considered the better alternate to the minimal balanced neighbor designs. In
this article, an algorithm is developed to generate the circular GN2-designs for veven which can be converted directly into minimal circular balanced and strongly
balanced neighbor designs. This algorithm is also coded with R.

*Correspondence Author Email Address:

1 Introduction
Effect of the neighboring unit treatment is called neighbor effect. Treatments comparisons are less af-
fected by neighbor effects with the use of balanced neighbor designs (BNDs). If every treatment appears
once with all other treatments (excluding itself) as neighbors then it is called minimal BND. If including it-
self then it is minimal strongly BND. Minimal circular BNDs (MCBNDs) and minimal circular strongly BNDs
(MCSBNDs) can be generated only for v (number of treatments) odd. Method of cyclic shifts (Rule II) pro-
vides a circular design for v evenwhere every treatment appears once as neighbor (either left or right) with
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all other treatments except a treatmentwithwhich it appears twice, are called circular Quasi Rees neighbor
designs or circular GN2 (CGN2) designs which are considered as the good alternate to the MCBNDs.

[17] and [24] applied MCBNDs in plant breeding and serology respectively. According to [6], neigh-
bor effects are often shown in experiments of agriculture, forestry and horticulture where treatments on
neighboring plots effect the response on a given plot. Neighbor effect may arise in agriculture experi-
ments due to nature and layout of plots. BNDs minimize bias due to neighbor effects, see [5, 15]. [6]
presented BNDs, using border plots. [4, 13] constructed some BNDs in circular binary blocks. [9] pre-
sented some classes of BNDs in non-binary circular blocks. [1, 2, 25, 26] are some more references for
BNDs in circular binary blocks. Generalized neighbor designs (GNDs) are used when minimal BNDs could
not be constructed. [7, 16, 21] constructed some different classes of GNDs. [14] presented some series of
GN2 and GN3 designs. [3, 10, 12, 18, 19, 23, 27] constructed circular GNDs. [8] presented some classes
of partially BNDs in non-binary circular blocks. Among GNDs, GN2-designs are considered as the better
alternate of minimal BNDs. [22] developed a simple method to construct minimal BNDs and GN2-designsin linear blocks.

The constructions of MCBNDs or MCGNDs through method of cyclic shifts require the division of con-
structors into i groups, each of size k with the condition that the sum of each group is divisible by v.
Such division is a tedious work and time consuming. To overcome this problem, [20] developed R codes
which are useful only for Rule I. The division of constructors into i groups is still a great problem while
using Rule II which should be solved. To resolve this problem, R-coded algorithm is developed in this
article, to generate the GN2-designs using Rule II. It is an innovational research work which produces re-
quired CGN2-designs by just putting the values of i (number of groups) and k (block size) which can di-
rectly be converted into MCBNDs and MCSBNDs. Source codes of the algorithm are publicly available at
https://github.com/scenic555/CGN2-Designs.

2 Method of Cyclic Shifts
[11] introduced a method which is described here for CGN2-designs, CSBNDs and CBNDs.

2.1 Construction of CBNDs and CSBNDs, using method of cyclic
shifts (Rule I)

Let Sj = [qj1,qj2, · · · ,qj(k–1)] be sets of shifts and S∗ = [qj1,qj2, · · · ,qj(k–1), (qj1 + qj2 + · · · + qj(k–1)) mod v,
v – qj1, v – qj2, · · · , v – qj(k–1), v – (qj1 + qj2 + · · · + qj(k–1)) mod v].

• If each of 1, 2, · · · , v – 1 appears once in S∗ for 1 ≤ qij ≤ v – 1 then it is MCBND.
• If each of 0, 1, 2, · · · , v – 1 appears once in S∗ for 0 ≤ qij ≤ v – 1 then it is MCSBND.

Example 1. S1 = [16, 3, 2, 8], S2 = [6, 7, 4] produce MCSBND for v = 17, k1 = 5, k2 = 4.
Proof. S∗ = [16, 3, 2, 8,12, 6, 7, 4, 0, 1, 14, 15, 9, 5, 11, 10, 13], each of 0, 1, · · · , 16 appears exactly once. So
S1 = [16, 3, 2, 8], S2 = [6, 7, 4] produce MCSBND for v = 17, k1 = 5 and k2 = 4.Consider 0, 1, · · · , v – 1 as first row of v blocks taken for S1. Generate 2nd row by adding 16 (mod 17) to
its corresponding first row values. Generate 3rd row by adding 3 (mod 17) to its corresponding 2nd row
values, and similarly add 2 and 8 for 3rd and 4th row, see Table 1.

Take more v blocks for S2 and obtain the arrays in the similar way of S1, see Table 2.
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Table 1. Arrays obtained from S1 = [16, 3, 2, 8]
Blocks

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
16 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 0 1
4 5 6 7 8 9 10 11 12 13 14 15 16 0 1 2 3
12 13 14 15 16 0 1 2 3 4 5 6 7 8 9 10 11

Table 2. Arrays obtained from S2 = [6, 7, 4]t
Blocks

18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
6 7 8 9 10 11 12 13 14 15 16 0 1 2 3 4 5
13 14 15 16 0 1 2 3 4 5 6 7 8 9 10 11 12
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

Table 1 and Table 2 jointly produce the MCSBND for v = 17, k1 = 5, k2 = 4.
Example 2. S1 = [16, 3, 2, 8], S2 = [6, 7] produce MCBND for v = 17, k1 = 5, k2 = 3.
Proof. S∗ = [16, 3, 2, 8,12, 6, 7,13, 1, 14, 15, 9, 5, 11, 10, 4], each of 1, 2, · · · , 16 appears exactly once. So S1 =[16, 3, 2, 8], S2 = [6, 7] produce MCBND for v = 17, k1 = 5 and k2 = 3.
2.2 Construction of CGN2-designs, using the Rule IILet Sj = [qj1,qj2, · · · ,qj(k–1)] be (i – 1) sets and Si = [qi1,qi2, · · · ,qi(k–2)]t and S∗ = [qj1,qj2, · · · ,qj(k–1), (qj1 +
qj2 + · · · + qj(k–1)) mod (v – 1),(v – 1) – qj1, (v – 1) – qj2, · · · , (v – 1) – qj(k–1), (v – 1) – (qj1 + qj2 + · · · + qj(k–1)) mod
(v –1),qi1,qi2, · · · ,qi(k–2)]. If each of 1, 2, · · · , v –1 appears once in S∗ for 1 ≤ qij ≤ v –2 then it is CGN2-design.
2.3 Logic behind the Rule II to Produce CGN2-designsIf the smallest block size is greater than four then CGN2-designs (which are convertible into CBNDs and
CSBNDs) can be constructed as:

• Let A = [1, 2, · · · ,m], if sum of A is not factor of (v – 1), for it replace one or two values with their
complements, where complement of ’a’ is ’(v-1)-a’ andm = (v – 2)/2.

• For equal block sizes, divide adjusted A in (i – 1) groups with each of k values and one of k – 2 values
so that sum of every group is factor of (v – 1).

• For unequal block sizes, divide adjusted A in i groups with each of k1 values, one group each of
k2, k3, · · · , kh – 1 values and one of kh – 2 values so that sum of every group is factor of (v – 1).

• Delete one value from all groups except one which contains kh – 2 values which remains unchanged.
These obtained sets produce CGN2-design.

Example 3. S1 = [16, 3, 2, 8], S2 = [6, 7, 4]t produce CGN2-design for v = 18 with k = 5.
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Table 3. Arrays obtained from S1 = [16, 3, 2, 8]
Blocks

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
16 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 0 1
4 5 6 7 8 9 10 11 12 13 14 15 16 0 1 2 3
12 13 14 15 16 0 1 2 3 4 5 6 7 8 9 10 11

Table 4. Arrays obtained from S2 = [6, 7, 4]t
Blocks

18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
6 7 8 9 10 11 12 13 14 15 16 0 1 2 3 4 5
13 14 15 16 0 1 2 3 4 5 6 7 8 9 10 11 12
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
17 17 17 17 17 17 17 17 17 17 17 17 17 17 17 17 17

Proof. S∗ = [16, 3, 2, 8,12, 6, 7, 4, 1, 14, 15, 9, 5, 11, 10, 13], each of 1, 2, · · · , 16 appears exactly once. So S1 =[16, 3, 2, 8] and S2 = [6, 7, 4] produce CGN2-design for v = 18 with k = 5.
Consider 0, 1, · · · , v –2 as first row of (v –1) blocks taken for S1. Generate 2nd row by adding 16 (mod 17) to
its corresponding first row values. Generate 3rd row by adding 3 (mod 17) to its corresponding 2nd row
values, and similarly add 2 and 8 for 3rd and 4th row, see Table 3.

Get the arrays from S2 in the next (v – 1) blocks in the similar way of S1. Add one more row with (v – 1)
as its each unit value, see Table 4.

Table 3 and Table 4 jointly produce the CGN2-design for v = 18 and k = 5.

3 Algorithm to generate CGN2–designsHere, an algorithm is developed to generate CGN2–designs which can be converted directly into MCBNDs
and MCSBNDs.

3.1 Generation of sets of shifts for CGN2–designsTo generate sets of shifts for CGN2-designs, elements of C will be divided into required number of groups
so that sum of every group will be multiple of (v – 1). Delete the smallest value from each group except
the last group with kh – 2 values, which will remain same. Obtained sets produce proposed CGN2-designsin blocks of:

• Equal sizes for v = 2ik – 2, k > 4, i > 1. Divide C (chosen from Section 3.2) in (i – 1) groups of size k and
one of remaining (k – 2) values. Let remaining three values are 2, 5, 6 for k = 5, then this set of shifts
will be written as [2, 5, 6]t.
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• Two different sizes for v = 2ik1 + 2k2 – 2, k1 > k2 > 4. Divide C (chosen from Section 3.2) in i groups of
size k1 and last of remaining (k2 – 2) values.• Two different sizes for v = 2ik1 + 4k2 – 2, k1 > k2 > 4. Divide C (chosen from Section 3.2) in i groups of
size k1, one of size k2 and last of remaining (k2 – 2) values.• Three different sizes for v = 2ik1 + 2k2 + 2k3 – 2, k1 > k2 > k3 > 4. Divide C (chosen from Section 3.2) in
i groups of size k1, one of size k2 and last of remaining (k3 – 2) values.• Three different sizes for v = 2ik1 + 4k2 + 2k3 – 2, k1 > k2 > k3 > 4. Divide C (chosen from Section 3.2) in
i groups of size k1, two of size k2 and last of remaining (k3 – 2) values.• Three different sizes for v = 2ik1 + 2k2 + 4k3 – 2, k1 > k2 > k3 > 4. Divide C (chosen from Section 3.2) in
i groups of size k1, one of size k2, one of size k3 and last of remaining (k3 – 2) values.• Three different sizes for v = 2ik1 + 4k2 + 4k3 – 2, k1 > k2 > k3 > 4. Divide C (chosen from Section 3.2) in
i groups of size k1, two of size k2, one of size k3 and last of remaining (k3 – 2) values.

3.2 Constructors which produce the sets of shifts for CGN2–designsElements of the following ‘C’ produce the CGN2, wherem = (v – 2)/2. Ifm (mod 8):
• ≡ 0, then C = [1, 2, · · · ,m, 2m – j + 1. Delete value equal to j] with j = m/8, j ≥ 1.
• ≡ 1, then C = [1, 2, · · · ,m – 1,m + 1, 2m – 3j. Delete value equal to 3j + 1] with j = (m – 1)/8, j ≥ 1.
• ≡ 2, then C = [1, 2, · · · ,m – 1,m + 1, 2m – 5j – 1. Delete value equal to 5j + 2] with j = (m – 2)/8, j ≥ 1.
• ≡ 3, then C = [1, 2, · · · ,m,m + j + 1. Delete value equal tom – j] with j = (m – 3)/8, j ≥ 0.
• ≡ 4, then C = [1, 2, · · · ,m – 1,m + 1, 2m – j. Delete the value equal to j + 1] with j = (m – 4)/8, j ≥ 0.
• ≡ 5, then C = [1, 2, · · · ,m, 2m – 3j – 1. Delete the value equal to 3j + 2] with j = (m – 5)/8, j ≥ 0.
• ≡ 6, then C = [1, 2, · · · ,m, 2m – 5j – 3. Delete the value equal to 5j + 4] with j = (m – 6)/8, j ≥ 0.
• ≡ 7, then C = [1, 2, · · · ,m – 1,m + 1,m + j + 1. Delete the value equal tom – j] with j = (m – 7)/8, j ≥ 0.

4 CGN2-designsIn this section, some CGN2-designs are presented in blocks of equal, two and three different sizes. In all
our proposed designs, the complete set of parameters is: v, b, n1 = v – 2, n2 = 1, λ′1 = 1, λ′2 = 2. See snapshots in Appendix to run the program.

4.1 CGN2-designs in blocks of equal sizes
Here, CGN2-designs are constructed for v = 2ik – 2. See Table 5

4.2 CGN2-designs in blocks of two different sizes
Here, CGN2-designs are constructed for v = 2ik1 +2k2 –2 from i sets for k1 and either one set for k2, or twosets for k2.
4.2.1 CGN2-designs in block sizes k1 and k2, using one set for k2See Table 6
4.2.2 CGN2-designs in block sizes k1 and k2, using two sets for k2See Table 7
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Table 5. CGN2-designs in blocks of equal sizes
v c k Sets of Shifts
34 0 9 [16,31,13,4,5,6,8,7]+[10,11,3,12,14,15,1]t
52 1 9 [1,2,3,4,5,6,7,14]+[41,12,11,13,8,15,17,16]+ [19,18,21,22,23,24,26]t
40 2 7 [12,2,3,4,5,6]+[8,9,22,11,1,13]+[15,16,10,18,19]t
48 3 5 [24,11,3,4]+[6,7,8,9]+[2,10,20,14]+[16,12,18,22]+[19,13,15]t
42 4 11 [21,2,38,5,4,6,7,8,9,10]+[12,11,14,15,16,17,18,19,1]t
28 5 5 [13,12,4,3]+[1,7,8,2]+[10,11,6]t
30 6 8 [14,2,3,13,5,6,7]+[20,11,10,12,4,1]t
48 7 5 [24,11,3,4]+[6,7,8,9]+[2,10,20,14]+[16,12,18,22]+[19,13,15]t

Table 6. CGN2-designs in blocks of two different sizes, using one set for k2
v c k1 k2 Sets of Shifts
34 0 10 8 [16,31,4,3,5,6,7,8,9]+[11,12,13,14,15,1]t
20 1 6 5 [5,3,8,15,1]+[7,2,10]t
22 2 7 5 [11,2,3,6,5,1]+[8,9,4]t
24 3 7 6 [11,2,3,4,13,6]+[ 8,9,5,1]t
26 4 8 6 [13,23,9,4,5,6,7]+[3,10,11,1]t
28 5 8 7 [1,2,3,4,22,7,6]+[8,10,11,12,13]t
30 6 9 7 [8,13,1,3,6,5,7,14]+[29,10,4,12,2]t
32 7 9 8 [10,2,3,4,5,6,7,16]+[1,8,11,13,12,17]t

Table 7. CGN2-designs in blocks of two different sizes, using two sets for k2
v c k1 k2 Sets of Shifts
34 0 8 5 [1,31,3,4,5,6,7,9]+[10,11,14,15]+[8,12,13]t
36 1 7 6 [18,2,3,4,5,10]+[15,6,8,12,13]+[14,9,1,11]t
38 2 8 6 [12,3,4,5,6,7,9]+[10,11,8,13,17]+[25,16,14,19]t
40 3 9 6 [19,18,16,22,6,5,14,8]+[1,2,3,11,15]+[4,13,12,10]t
42 4 8 7 [1,2,38,15,5,6,7]+[18,10,11,12,13,14]+[16,17,19,9,21]t
44 5 9 7 [16,19,12,14,13,15,18,17]+[3,4,6,7,21,35]+[1,2,9,11,20]t
46 6 10 7 [22,16,3,4,5,6,7,8,9]+[1,31,13,11,15,17]+[18,19,20,21,12]t
32 7 7 5 [1,2,3,4,5,6]+[9,17,11,13]+[7,8,16]t
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Table 8. CGN2-designs in blocks of three different sizes
v c k1 k2 k3 Sets of Shifts
34 0 7 6 5 [1,31,12,4,5,6]+[16,9,15,3,10]+[14,11,8]t
36 1 8 6 5 [1,15,3,4,5,6,28]+[2,9,16,12,13]+[11,10,14]t
38 2 9 6 5 [19,2,3,4,5,17,8,7]+[10,11,25,14,13]+[16,6,15]t
40 3 9 7 5 [19,2,18,4,5,7,8,6]+[10,11,12,13,1,15]+[22,3,14]t
42 4 9 8 5 [1,2,38,5,4,6,7,8]+[21,12,19,14,15,9,16]+[18,13,10]t
44 5 9 8 6 [1,16,3,4,5,6,7,35]+[18,11,13,21,14,15,20]+[10,19,2,12]t
46 6 9 8 7 [1,2,3,4,5,6,7,8]+[10,11,22,31,13,16,15]+[18,19,20,21,12]t
48 7 10 8 7 [24,18,3,4,5,6,7,8,9]+[17,19,13,1,16,15,11]+[12,20,26,22,24]t

Table 9. Conversion of CGN2-designs given in Table 5 into MCSBNDs
v k1 k2 Sets of Shifts
33 9 8 [16,31,13,4,5,6,7,8]+[10,11,12,3,14,15,1]
51 9 8 [1,2,3,4,5,6,7,14]+[41,12,11,13,8,15,17,16]+[19,18,21,22,23,24,26]
39 7 6 [12,2,3,4,5,6]+[8,9,22,11,1,13]+[15,16,10,18,19]
47 5 4 [24,11,3,4]+[6,7,8,9]+[2,10,20,14]+[16,12,18,22]+[19,13,15]
41 11 10 [21,2,38,5,4,6,7,8,9,10]+[12,11,14,15,16,17,18,19,1]
27 5 4 [13,12,4,3]+[1,7,8,2]+[10,11,6]
29 8 7 [14,2,3,13,5,6,7]+[20,11,10,12,4,1]
47 5 4 [24,11,3,4]+[6,7,8,9]+[2,10,20,14]+[16,12,18,22]+[19,13,15]

4.3 CGN2-designs in blocks of three different sizes
Here, CGN2-designs are constructed for v = 2ik1 + 2k2 + 2k3 – 2 from i sets for k1, one set each for k2 and
k3. See Table 8

5 Conversion of CGN2-designs into MCSBNDs and
MCBNDs

In this Section, conversion of proposed CGN2-designs into MCSBNDs and MCBNDs is described. In these
designs λ′ = 1.
Conversion 1. CGN2-designs constructed in Section 4 can directly be converted into MCSBNDs just by consid-
ering it Rule II with a change v∗ = v – 1 and k∗h = kh – 1, where kh is the smallest block size.
Example 4. (Conversion of CGN2-design given in Table 5 into MCSBND): See Table 9

Conversion 2. CGN2-designs constructed in Section 4 can be converted directly into MCBNDs with a change
v∗ = v –1 and k∗h = kh –2, just by (i) considering it Rule II, and (ii) deleting one value from the set with k –2 values.
Example 5. (Conversion of CGN2-design given in Table 5 into MCBND): See Table 10
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Table 10. Conversion of CGN2-designs given in Table 5 into MCBNDs
v k1 k2 Sets of Shifts
33 9 8 [16,31,13,4,5,6,7,8]+[10,11,12,3,14,15]
51 9 8 [1,2,3,4,5,6,7,14]+[41,12,11,13,8,15,17,16]+[19,18,21,22,23,24]
39 7 6 [12,2,3,4,5,6]+[8,9,22,11,1,13]+[15,16,10,18]
47 5 4 [24,11,3,4]+[6,7,8,9]+[2,10,20,14]+[16,12,18,22]+[19,13]
41 11 10 [21,2,38,5,4,6,7,8,9,10]+[12,11,14,15,16,17,18,19]
27 5 4 [13,12,4,3]+[1,7,8,2]+[10,11]
29 8 7 [14,2,3,13,5,6,7]+[20,11,10,12,4]
47 5 4 [24,11,3,4]+[6,7,8,9]+[2,10,20,14]+[16,12,18,22]+[19,13]
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