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Abstract This research investigates the equations of motion that govern the
behavior of an incompressible fluid with variable viscosity, heat transfer, and the
presence of a transverse magnetic field. The study derives exact solutions that
describe flows in which the vorticity distribution varies indirectly with the stream
function perturbed by uniform and exponential streams. To obtain these solu-
tions, the research introduces a transformation variable that converts a nonlinear
system into a linear form. The study’s primary objective is to contrast the veloc-
ity profile components u(x, y) and v(x, y) in the case of unvarying two-dimensional
movements of an incompressible fluid on a plane, with varying viscosity and heat
transfer. The study provides insights into the fluid's behavior under different con-
ditions and identifies the impact of various parameters on the velocity profile
components.
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1 Introduction

The study of fluid dynamics and magnetohydrodynamics (MHD) has been of great importance in various
fields of engineering and science. In recent years, there has been an increasing interest in understanding
the effects of different types of streams on MHD flows of viscous fluids. [1-4]. Magnetohydrodynamics
(MHD) is a field of research that studies the interaction between electrically conducting fluids and mag-
netic fields. MHD has significant applications in various fields, such as plasma physics, astrophysics, and
material processing industries. MHD flows of viscous fluids under the influence of external forces, such
as uniform and exponential streams, have been of great interest to both fundamental research and prac-
tical applications [5-7]. This area of research has been studied extensively in the literature, with many
researchers focusing on the study of MHD flows of viscous fluids with perturbed vorticity distribution. The
study of MHD flows of viscous fluids under different external forces has led to the development of exact
solutions, numerical simulations, and experimental investigations [8, 9]. In particular, the study of MHD
flows of viscous fluids under the influence of external forces, such as uniform and exponential streams,
is of great interest to both fundamental research and practical applications. MHD flows of viscous fluids
have been studied extensively in the literature, particularly in the presence of external forcing. The study
of MHD flows of viscous fluids with perturbed vorticity distribution has been the focus of many researchers.
Taylor [10] was the first to propose the idea of choosing vorticity function to be related to the stream func-
tion, resulting in exact solutions that represent the disintegration of double arrays of vortices. Kampe [11]
expanded on Taylor's concept by considering the vorticity in the form of V2¢= Ki. Meanwhile, Kovasznay
[12] developed Taylor's idea further by linking the vorticity to the stream function, which is perturbed by
a uniform stream. This approach led to an exact solution that closely resembles the downstream flow be-
hind a two-dimensional grid. Wang [13] presented an exceptional analysis of the documented solutions
for the Navier-Stokes equation. He categorized the solutions into three distinct groups: (a) movements
where the non-linear inertial factors in the linear momentum equations become zero, (b) resemblance
properties of the movements in such a way the motion equations reduce to a sequence of ordinary dif-
ferential equations, and (c) movements where vorticity is selected to simplify the governing equations in
terms of the stream function to a linear equation.

The analytical and numerical study of the Navier-Stokes equations is an important area of research
that has numerous practical applications [14, 15] discussed the behaviour of flow. Lin and Tobak [16],
Hui [17] and Naeem and Jamil [18] obtained more results by studying similar flows, taking V2= K (y-Rz),

V2= K (y-Ry) and V?%= K (y-Ry). Obtaining solutions for Newtonian and non-Newtonian fluids in [19,
20] involves assuming a particular form of vorticity distribution or stream function. The effect of uniform
streams on MHD flows has been investigated by Balasubramaniam et al. [21] for a viscoelastic fluid, further
he showed that the presence of a uniform stream can significantly affect the flow behaviour of viscoelastic
fluids in a channel, particularly with respect to the velocity profiles and pressure drop. Similarly Thakur
et al. [22] demonstrated that the uniform stream has a significant impact on the velocity profile, skin
friction, and heat transfer characteristics of MHD flow in a channel. Bhattacharyya et al. [23] studied the
MHD flow of a viscous fluid between parallel plates in the presence of an exponential stream, his study
showed that the presence of an exponential stream significantly alters the flow behaviour, particularly
with respect to the velocity profiles, shear stress, and pressure drop. Kumar et al. [24] investigated the
effect of an exponential stream on the heat transfer characteristics of MHD flow of a viscoelastic fluid.
They found that the exponential stream significantly enhances the heat transfer coefficient and Nusselt
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number, particularly for higher values of the magnetic field strength. The study of MHD flows of viscous
fluids under the influence of external forces, such as uniform and exponential streams, has been of great
interest to both fundamental research and practical applications. The analytical and numerical study of
the Navier-Stokes equations is an important area of research that has numerous practical applications.
Many researchers have contributed to the development of exact solutions, numerical simulations, and
experimental investigations of MHD flows of viscous fluids under different external forces. The effect of
uniform and exponential streams on MHD flows has been investigated extensively, and the presence of
such streams can significantly alter the flow behavior of viscoelastic fluids in a channel, particularly with
respect to the velocity profiles, shear stress, pressure drop, and heat transfer characteristics. Overall,
the study of MHD flows of viscous fluids under different external forces is an active area of research with
significant practical applications, and further research in this area is needed to advance our understanding
of these complex flows[25-27].

The effects of uniform and exponential streams on MHD flows of viscous fluids can have significant
implications for their stability, mixing, and heat transfer properties [28-30]. In this research, we provide
precise solutions to the equation that regulates the stable plane movements of a fluid with variable vis-
cosity and heat transfer, in which the vorticity distribution is proportional to the stream function that is
perturbed by a uniform and exponential stream represented as V2¢=K |¢-U, (ax+by) -U; e("x‘”bY)}. The
aim of this study is to investigate the motion of an incompressible fluid with variable viscosity, taking into
account the presence of an attractive field and heat transfer over an infinite plane. The main objective is
to determine the general solutions for flows where the vorticity distribution is directly proportional to the
stream function, perturbed by uniform and exponential streams. We present a theoretical analysis of the
MHD equations under the influence of external forcing and derive a set of coupled differential equations
that describe the flow behavior. Also, point out that the solutions for Newtonian and non-Newtonian fluids
in [19, 20] are obtained by assuming a specific form of vorticity distribution or stream function. It should
be noted that to the best of our knowledge, the exact solutions resulting from this form of vorticity have
not yet been considered for either Newtonian or non-Newtonian flows.

2 Basic Magnetohydrodynamic (MHD) equations and
problem formulation

Here are the fundamental dimensionless equations that govern a fluid with a variable viscosity is in motion
in an incompressible state and finite conductivity in a steady state, under the influence of a magnetic field
[31]:

Ux+vy+wz= 0 (m

1

vy wz= =Pk | (2utt) (1 (Uy k), e (wickuz)),] +Riy [Hs (Hz = Hay) ~HaHa-Hhy)| @)
1

UVt Wy HWVZ= = Dyt oo KZ“VY)y*(N (U)o #0)) ]+ Re [Hr (Hoxthry ) ~Hs(Hay o] (3)
1

sy W= =pa oo [(20) i Wity + (s (vewy), | + Ry [Ho (Hay=Haz ) =Hi (Hi~Hay) | (@)

1
[uH,-VH, ]y‘ [WH1 _UH3]2=R7 {H1XX+H1yy+H1zz} (5)
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1
[VH3_WH2L‘[UH2‘VH1 ]XZE [H2xx+H2yy+H222} (6)
1
(wHq-uH3] - [W"'/3-W"'/2]y=j7 [H3xx+/'/3yy+/‘/3zz] (7)
1 E RyE
UTxHVTy+WT 2= s [Tt Ty +T22] +R—ZM [2 (u§+v)§+wzz) +(uy+vx)2+(Wy+vz)2+(uz+wx)2} + Zac
{<H3y‘HZZ) +(H1Z_H3X) +(H2x‘H1y> }
Hyx+HpytH3,= 0 9)

where u, v, w are the velocity components H,, H,, H3 the components of the magnetic field vector?l, p the
pressure, T the temperature, u the viscosity all being function of x, y and Re the Reynolds number, Pr the
Prandtl number, Ec the Eckert number, Ry the magnetic pressure number and Ro the magnetic Reynolds
number. Considering the flow to be plane transverse flow. We have

w,v,w)=(,v,0)(Hy,Hy,H3) = (0,0,H),(),=0 (10)

The system of equations (1)-(9), utilizing equations (10) becomes,

Ux+Vy =0 (1 1)

H? | 1
Ul VU= - lp+RH2 +om [ (2ut) (1 (), | (12)

X

_ H2| 1
Uvx Wy = - PRy —- y+§ <2uvy)y+(u (uy+vx)), (13)
HcHvHy = [HoctHy (14)

1 E RyE

UTxHVTy= s [T+ Ty +R—gu [2 (u§+vj) +(uy+vx)2] + ZUC (H)2(+Hf) (15)

Equation (11) implies the existence of the stream function 1 such that.

U=y, v==1)x (16)

The system of equations (11)-(15) on utilizing equation (16), transform into the following system of equa-
tions.

It e [ ()], (7)

Jy= =ty g [ =) =g [ (19
Uybhetxbly =g [Hucty) (19)

Tty o (Tt T+ [4(0m) (=) ] + 5 [t 20)

wherever the function vorticity w and the general energy function J are prowded as follow

w= = (Yxxtidyy) (21)
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2

Ry (1F5) S
After resolving the system of equations (17)-(20), we can obtain the pressure p by using equation (22). Our
main focus is to find the answer of the system of equations (17)-(20) as the distribution vorticity is relative
to the flow function and disturbed by a uniform and an exponent stream. To achieve this goal, we set

(22)

Uy + Wy = K [qf - Uy (ax + by) - u2e<ax+bV>] , (23)
where K,a,b# 0, a # b and U are actual quantities. Utilizing agitated stream function
W=p-Uy (ax + by) ~Upe(@*bY), (24)
and retaining equation (23), the equation (21) becomes
w=-KUT, (25)

Equation (17) and (18), employing equation (24) and (25) enhances.

2
Jx= [K‘ZI'] +akw |Uy (ax+by) +Us e® )] + my (26)
X
K2 (ax+by) 4 (ax+by)
Jy= +DKW Uy (axrby) +Up el )] - o [ Wygvab (Uy (axvby) +Up el™ ) | wmy (27)
y
y
where

M =Rle [ﬂ Wy =Wyx+ (bz_az) <U1 (ax+by) +U2e("X+bY)”

Equation (26) and (27), on using the integrability condition Jx,=/yx provide.
Myx-Myy +k (bW - aly) [U1 (ax +by) +U, e(a”by)} —% X [u Uyyt+ab(Uq (ax +by) +U, el@*by)y | =0 (28)
yX

Used for the movement of an uncompressed fluid with flexible thickness, heat transfer, and transverse
magnetic field, the equation needs to be fulfilled by the function ~ and viscosity p is given by equation
(28). This equation applies when the vorticity dissemination is relative to the flow function, disturbed by a
uniform and an exponent stream. Additionally, by using equation (19), (20) and (21) we get.

[\I,y +b (U1 (ax + by) + Uze("""bY))] Hy— {\I/X +a <U1 (ax+by)+U2e("X+by))} Hy= R% [Hyx+Hyy] (29)

1
RePr

[Tax + Ty %Re {4 (\pxy +ab(Uy (ax + by) + Uze("“bJ’))} g (\I:yy - Wy + (bz - az> (Uq (ax+by)+ (30)

[\I/y +h (U1 (GX + b_y) + Uze(GX+by))]TX _ |:\I/X +q (U,] (aX + by) + Uze(aX+by)):| Ty =

b 2 Ec y) 2
Upe ) + 2 R [ +
equation (23) employing, equation (24) becomes.
W+ Uy -K U= - (az+b2> {U1 (ax+by) +U2e(0X+bY)} 31)

Leading the conversion variable as
E=ax+ by (32)
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converting the equations (28)-(31), into another independent variable &, we get

Wee - AW = -Upg-Uge® (33)
Where P
A= gy o (W)ee=0 (34)
Hee=0 (35)
TeetPrEcuw?A? (a?+b?) +L?gfep "H2=0 (36)

3 Exact Solutions

We consider three specific cases in this portion to show some exact results to the equations (33)-(36):
Casel:A=-n?n>0

Casell: A=m?m>0

Caselll: A=0

We take into consideration these cases independently and then conclude the solution of the equation (33)-
(36), our plan is that first we find ¥ from equation (33) and employ this ¥ to determine . ,H,T ,4 ,u ,v and
p from system of equations (22), (24), and (34)-(36).

3.1 Casel

In this scenario, the result of equation (33) can be expressed as:

Uy (ax + by) Uelox +by)
n2  n2+1

W=A;sin (n (ax + by) +A;) - (37)

where A; and A, are real constants. Equation (34) employing (37) provides

Az (ax + by) +A
= 3 (2 by) *As (38)

Aqsin (n (aX + by) +A2) _Y (ar\])§+by)_u2 i(;i1+ by)

where A3 and A4 are real constants. The solution of equation (35) is
H=As (ax + by) +Ag , (39)
where Ag and Ag are real constants. Equation (36), using equations (38) and (39), becomes

Ry EcPrReH?
Te + ECPrA? (a2 + b7 (A€ + Ag)U + ng 0. (40)

The solution of (40) is

Ec PrA2 (0/2+b2
12n3 (n?+1)

n (n2+1> Uy (ax+by)*= 12n2U,e(@*DY)  (ax+by-2) +2nA, Aq (n2+1) (6sin(n (ax+by)) + (ax+by)3) (41)

A3 (12A1 (nz + 1) (n (ax+by) sin(n(ax+by) + Az)-2cos (n (ax+by) +Ay) +

Ec Ry Pr Re A2
_En2( /. olax+by) | _ H 5
6n<U,e } R

(e

(ax+by)2+A7 (ax+by) +Ag,

126



VFAST Transactions on Mathematics

where A; and Ag are real constants. The stream function ¥for this case is given by

2
U=Assin (n (ax +by) +A;) - n

+1 2+n? ax+b

It represents a sine stream sin (n (ax+by) +A;) in the + ve x-direction and perturbation that is not intermit-
tent in x and y. The velocity component distribution equations (5) and (26) and pressure from equation
(10), are provided by

2 2
- _n +1 _2+n (ax+by)
u=A;n b cos (n(ax+by) +A;) —7 b Uy o b Use , (43)
2
a(n<-1 +n2
v=-Ajancosn (ax+by)+A; + <n2 ) U1+a r(122+r1] )Uze(aX+by), (44)

p K ) {A1 (n(1 +n2)2> (n3Aqsin (n (ax + by) +A;) -2U4 (n (ax + by) sin) ((n (ax + by) +A;)

- 2n4(n2+1)2
+cos (n (ax + by) +A;) -2n (n4U2 (nsin (n (ax + by) +A2))) +cos ((n (ax + by) +A;)) -Uy (1 +n2)3
cos (n (ax + by) +A) -n® (2+n2) Ue®)(ncos(n(ax + by) + Ag)-sin (((n (ax + by) +A2)))+U (1 +n2)2

(U1 (1 + nZ) (ax + by)? +2n*U, (e(aX+by))) +n? (1 +n2> (2+n2) Upe(®*BY)2u, (ax + by) -1)+n2e(@+by)_

(a2+b2> 2 2\ < 2 (ax+by) 4(1.02\>
2aRe (1712 [Zbu (A1n (1+n )) sin (n (ax + by) +A;) + (2+n ) (Uze )—ZaRen (1+n )

A1n3 (1+n?) cos) (n (ax + by) -Ay) - (n?+1 2U1— 2+n%) n°U, (el@*Py —RH—2+A9.
(han® (140%) 05) (1 +by) ) - (1) U (240) (600"

(45)
where Aq is a real constant.
3.2 Caselll
In this instance "
v=B, em(ax+by)+82e—m(ax+by)+ Uq(ax+ by)_ U, alax+by) ’ 46)
m?2 1-m2
where By and B, are real constants equation (34) employing (46) gives
B Bs(ax + by) + By 47
" B em(ax+b - +hy) + Ur(ax+by) _ U, eloxtby) ! 47)
e ¥) + B e~M(ax+by) + Y y) _ U2
1 2 m2 1-m?
where B3 and B, are real constants. The solution of equation (35) is
H= B5 (CJX + by) + B6' (48)
where Bg and Bg are real constants. Equation (36), using equations (47) and (48)
RyECPrReHz
Tee + ECPra? (a? +b?) (B3 +B4) W+ ——= =0 (49)
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The solution of equation (49) is

. EcPrA2 (a? + b?)

[B5(12 (1 - m? ) {B1e™(®*EN)(2 - m(ax + by))-B,e ™) (m (ax + by) +2)

12m3(1 - m?)
2 4 b 2 b 2
-m (1 -m ) Uy (ax + by)™ - 12mU, (em("X+ ¥) (m (ax +by) - 1) m? eMex* Y)) -2B4m (1 -m ) (50)
RyECPrReB2
6B eM(ax+by) 4 6Bze‘m(a’(+b)’) + Uy (ax + by)3 - 6n2U2 em(ax+by)} - % (GX + by)2+
g
By (ax + by) + Bg,
where B; and Bg are actual constants. For this instance stream function
Here we use Stream function ¢
m(ax+by) -m(ax+by) . 1 = m? 2-m? (ax+by)
Y = Be +Bye s Uy (ax+by)—1_m2U2e ) (51)
The velocity distribution and pressure components for this case are provided as follows:
Uib (1-m? —m2
u = mbB,e™ax*by) _ mpp, e-m(ax+by) , 1 ( ) _2-m U, belax+by) (52)
1 2 m2 1-m2 2 '
aly (1-m?2 2
v = —maB; e™@Y) 4 map,e-m(axvby) - ( ) + 227 gelox+by) (53)
1 2 m2 1-m2 2 '

K 2\ m(ax+b 3 +b 2
=~ nBy (1-m*) e Y) m3B,e™ @) + 20, (m (ax + by) - 1) +2m°B, U
p2m4(1—m)2[ 1( ) 1 1 (m( y)-1) 1Yz
 elm+)(ax+by) 4 m (1 _m2> B, (1 _m2> o-m(ax+by) mSBze—m(ax+by) +2U; (m (ax + by) - 1)
—2m3U1 elax+by)(1-m) (1 —mz) Uy (’I —mz) (mz + 'I) 2 (31 em(ax+by) _Bze—m(ax+by)) +(ax + by)z
2 (ax+by) 2 5 2(ax+by) b 2_42 2p_ ,m(ax+by) (54)
+2m= UqUj e (m (ax+by)+1)+m Use }JraRe[/“L(b a)(m Bqe )
2p_,-m(ax+h Uz ax+b, H? (02 +b?) pab m(ax+b -m(ax+b
‘ <m Bpem(e) - 2ol y)) Ry | I 21Dy mloxst) e mieny)
U'I U2 ax+b 2
T v,
where Bg is a real constant.
3.3 Casellll
In this instance 3
Ui(ax+b
__Un(ox+by)” . y)” Uel™*BY) + ¢, (ax + by) + Gy, (55)
_ C3(ax +by) +Cy (56)
3 U
-U, (ag+by) _ Uze(ax+by) + C1 ((JX + by) + CZ
H=Cs (GX + by) + Cq, (57)
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. =EcPrA2 (02 + bz)

|G (180U @) (2- (ax + by)) + (ax + by)* (Uy (ax + by)*) - 15 (G (ax + by)

180
RyEcPrRe HZ
+2C, + 3 (ax + by)? GU1 (ax+by)* =30 (Cy (ax+ by)  +3Cy) - 180Uel™*))| - %
(ax + by)2 + (ax+by) CG; + Cg,

(58)
where Cq,Co...... .. Cg are real constant. A = 0 corresponds to an irrotational flow and it is the following
uniform flow U b

+
E -y (ax+ by)2 +6 - 205 @) & C; (ax+ by) + Co. (59)
The components of velocity distribution and pressure, in this case, are given by
Upb 2 (ax+by)
u=-—- (ax+by)” +2 - 2bUe\* ™) + b(y, (60)
_ au; 2 (ax+by)
v=— (ax+by)” +2 +2aU,e -aCy, (61)
3
+
p =k [U2 (ax+by)? - U2 (ax + ) 26000 2000 (e y) + 1) - S by - D @)
2
-G C12:1r 2 (ax +by)* + Uy (U + Cy + Cp) el @ Y) + SEC RS +ZCZ) oty
bu(b-a*) 2 .ab| U 2
+ G (Uy + G+ G) (ax + by) + [ <aRe ) - A;e [21(0X+b)’)2 FUL G| Ryt

Uy 2 2
> (a -b )(ax+by)+C9,
(62)

where (g is real constant.

4 Result and Discussion

This research has discovered precise solutions to the equation of motion that controls the unchanging two-
dimensional movements of an incompressible fluid with heat transfer and varying viscosity. The equation
V24p=K |1-Uq (ax+by) —Uze(U’X*bY)} defines a uniform and exponential stream that perturbs the vorticity
distribution, which is proportional to the stream function. To analyze the physical aspects of our findings,
we have created several graphs. Our primary objective has been to contrast the velocity profiles compo-
nents u(x, y) and v(x, y) in the case of unvarying two-dimensional movements of an incompressible fluid
on a plane, with varying viscosity and heat transfer. We have studied the variation of emerging parame-
ters of interest to infer these results. The velocity components considered are only for Case-l (A = 1) and
Case-ll (A = 1). We have presented graphs of the velocity components u (x,y) and v (x,y) against x and y
for various values of emergent parameters a, b, n, mand U, and U,. We have used Mathcad as compu-
tational software and for convenience, all graphs are sketched using A;= 0.1, A= 2, B4=0.002, B,= 0.003,
a=2,b=3,n=2,m=2, U;=0.1, U,=0.1. All Figures (1-10) for case-l and Figures (11-20) (a) for case-Il show
the velocity components of u(x, y) and v(x, y) as a function of "x" and "y" treated as constants with "y=2".
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In all Figures (1-20) (b), the velocity components u(x, y) and v(x, y) are considered as a function of "y" and
"x" treated as constant with "x=1".

For Case-l: The graphs presented in Figures (1-4) depict the velocity components u(x, y) and v(x, y) at differ-
ent values of the parameters "a" and "b". Interestingly, these graphs reveal that the velocity components
u(x,y) and v(x, y) exhibit opposite behavior with respect to the parameters "g" and "b". Specifically, the
first velocity component, u(x, y), decreases as "a" increases while the second velocity component, v(x, ),
increases with "a@". Similarly, as "b" increases, u(x, y) decreases while v(x, y) increases. Furthermore, it is
observed that the absolute values of u(x, y) are greater than those of v(x, y) across all graphs. Moving on
to Figures (5-6), these illustrate how the velocity components u(x, y) and v(x, y) are influenced by the pa-
rameter "n". The graph shows that u(x, y) increases as "n" increases while v(x, y) decreases. Finally, Figures
(7-10) demonstrate the impact of the parameters U; and U, on the velocity components u(x, y) and v(x, y).
Interestingly, both parameters have qualitatively similar effects on the velocity profiles. Specifically, u(x, y)
decreases with increasing Uq and U, while v(x, y) exhibits the opposite behaviour.

For Case-ll: Figures (11-14) have been created to examine the impact of the parameters "a" and "b" on
the velocity components u(x, y) and v(x,y). It is evident that these parameters have opposite effects on
the two components of the velocity profile. Specifically, the first component u(x, y) increases while the
second component v(x, y) decreases as "a" and "b" increase. Figures (15-16) have been prepared to explore
the influence of the parameter "m" on the velocity profile. These figures show that the first component
u(x, y)decreases, while the second component v(x, y) grows exponentially as "m" increases. To analyze the
effect of the parameter U, on the two components of the velocity field, Figures (17-18) have been created.
These figures demonstrate that both velocity components decrease with increasing Uq. Finally, Figures
(19-20) have been presented to compare the two velocity components u(x, y)and v(x,y) for various values
of U,. These figures clearly illustrate that the component u(x, y)decreases while the component v(x, y)
increases as U, increases. It is important to note that all material constants used in the figures are in Sl
units.

D n% |
x ‘-'ll-_ S
- - T,
W |
_-N" % Ao,
”(_1_-} \.\‘-;:s.:u H(_‘I') \_::RA".
6671 ==o @ = 2.0 5 L% 667 [== a = 2.0 \ ‘\t-
s @ =22 = weh 3 =23 v
s @ =24 . e @ =24 \
=--a 2.6 =:2 @ = 2.0 |
- 100 - 100 g ]
0 0.2 0.5 0.7 1 1] 0.2 0.5 0.7 1
X _1'
(a) (b)

Figure 1. Velocity Profiles u(x,y) for viscous fluid given by equations (43), for A; = 0.1, A, = 2, b=3, n=2, U; = 0.1,
U, = 0.1 and differing values of a.
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Figure 2. Velocity Profiles v(x, y) for viscous fluid given by equations (44), forA; =0.1,A, =2,b=3,n=2,U; =0.1,
U, = 0.1 and differing values of a.
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Figure 3. Velocity Profiles u(x, y) for viscous fluid given by equations (43), for A =0.1,A, =2, a=2,n=2,U; =0.1,

U, = 0.1 and differing values of b.
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Figure 4. Velocity Profiles v(x, y) for viscous fluid given by equations (44), forA; =0.1,A, =2,a=2,n=2, Uy = 0.1,
U, = 0.1 and differing values of b.
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Figure 5. Velocity Profiles u(x, y) for viscous fluid given by equations (43), for A, =0.1,A; =2,a=2,b =3, U; =0.1,
U, = 0.1 and differing values of n.
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Figure 6. Velocity Profiles v(x, y) for viscous fluid given by equations (44), forA; =0.1,A, =2,b=3,a =2, U; = 0.1,
U, = 0.1 and differing values of n.
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Figure 7. Velocity Profiles u(x, y) for viscous fluid given by equations (43), forA; =0.1,A; =2,b=3,n=2,a=2,
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Figure 8. Velocity Profiles v(x, y) for viscous fluid given by equations (44), forA; =0.1,A, =2,b=3,n=2, a=2,
U, = 0.1 and differing values of U;.
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Figure 9. Velocity Profiles u(x, y) for viscous fluid given by equations (43), forA; =0.1,A, =2,b=3,n=2,a=2,
U; = 0.1 and differing values of U,.
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Figure 11. Velocity Profiles u(x, y) for viscous fluid given by equations (52), for B; = 0.002, B, =0.003,b=3, m = 2,
U,=0.1, U, = 0.1 and differing values of a.
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Figure 12. Velocity Profiles v(x, y) for viscous fluid given by equations (53), for By = 0.002, B, =0.003, b =3, m =2,
Uy = 0.1, U, = 0.1 and differing values of a.
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Figure 13. Velocity Profiles u(x, y) for viscous fluid given by equations (52), for B; = 0.002, B, =0.003,a=2,m =2,
U1=0.1, U, = 0.1 and differing values of b.
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Figure 14. Velocity Profiles v(x, y) for viscous fluid given by equations (53), for B; = 0.002, B, =0.003,a=2,m = 2,
U1=2, U, = 0.1 and differing values of b.
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Figure 15. Velocity Profiles u(x, y) for viscous fluid given by equations (52), for By = 0.002, B, =0.003,a0=2,b =3,
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Figure 16. Velocity Profiles v(x, y) for viscous fluid given by equations (52), for B; = 0.002, B, =0.003,a =2, b = 3,
U,=0.1, U, = 0.1 and differing values of m.
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Figure 20. Velocity Profiles v(x, y) for viscous fluid given by equations (53), for B; = 0.002, B, =0.003,a =2, b = 3,
m=2, U; = 0.1 and differing values of U,.

5 Conclusion

This study focuses on analyzing the motion of an incompressible fluid with variable viscosity, which is
conducted to a finite extent. The analysis takes into account the presence of an attractive field and
heat transfer over an infinite plane. The purpose of this study is to determine the general solutions
for flows where the vorticity distribution is directly proportional to the stream function, which is per-
turbed by uniform and exponential streams. The mathematical equation used to represent this flow is
V2y = K [@b - Uy (ax +by) - Uze(a“b)’)}. In order to find the exact solutions, the flow equations are first
written in terms of the stream function ¢, the vorticity function w, and the generalized energy function J.
Employing the integrability condition on the generalized energy function J, an equation is determined that
must be satisfied by the perturbed stream function ¥ and the viscosity u for the flows under considera-
tion. The solutions are obtained with the help of transformation variable ¢ that converted all governing
equations in terms of simple linear ordinary differential equations. The exact solutions are then obtained
for u,v, v, u, H, T and p, written in terms of elementary functions, satisfy all governing equations and the
compatibility condition Jx, = Jyx (bxy = pyx). The solutions in case-l represent a sine stream plus a perturba-
tion that is directly proportional to uniform and exponential functions in x and y. The solution in case-Il,
in general, represents a hyperbolic (sine or cosine) stream plus a perturbation that is again directly pro-
portional to uniform and exponential function in x and y. The solution in case-ll for B;; = 0 represents
an exponential flow in the region x > 0 y > 0 perturbed by apart which is proportional to uniform and
exponential stream in x and y. Likewise, we can provide an explanation for flow in further regions. It is
also remarked that the transverse magnetic field H holds the same behavior in all cases. Finally the effects
of various parameters of concentration on the velocity components u(x,y) and v (x,y) are represented
and discussed.
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