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Abstract Major goal of this study, to propose a new explicit iterative numerical
scheme that can substitute the modified Euler’s method (MEM) for initial value is-
sues in ordinary differential equations. This iterative strategy has been suggested
by substituting the main slope of the MEM and the slope of the explicit forward
Euler’s method for the inner slope h(µi, vi) of the MEM. Accuracy and stability are
used to determine uniqueness in work. There are a few low accuracy and stability
modified Euler technique variants that may be found in the literature. This study
presents an innovative approach with the goal of obtaining greater accuracy and
stability. The suggested iterative scheme’s performance was evaluated by exam-
ining various numerical factors connected to the numerical method, and it was
discovered that it is more accurate and consistent with the numerical order of
convergence two. The proposed scheme’s derived stability region and interval of
stability region are greater than those technique which were present in literature
previously, such as the Euler’s method (EM), improved Euler’s method (IEM), mod-
ified Euler’s method (MEM), modified improved modified Euler’s method (MIME),
and improved modified Euler’s method (IMEM). The proposed scheme generally
showed greater accuracy in each initial value problem (IVPs) after being evaluated
with several open literature initial value problems using various step sizes.
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1 Introduction
Initial value problems (IVPs) in ordinary differential equations (ODEs) of the type

v′ = h(µ, v); v(µ0) = v0, (1)

v,h ∈ Rn and µ ∈ [a,b] where a,b ∈ R; are very important in the field of science and engineering for solv-
ing real-world problems [5, 12, 13]. The real world problems not only appear in the form of initial value
problems but, sometimes, they appear in boundary value problems (BVPs). The initial value problems are
those problems inwhich all conditions or restrictions are defined at a single independent variable whereas
the boundary value problems are those problems in which conditions are defined at two or more than
two independent variables involved. Due to their broad applications, many researchers and scientists
have generated number of numerical methods with gradual improvement for solving different applica-
tion problems appearing in the field of fluid dynamics, population growth, nuclear decay, temperature
problems, electrical circuits’ problems, chemical reaction equations and the motion of projectile, rocket,
satellite etc. [4, 9, 10]. There are various reasons for developing new numerical methods. When the ex-
isting methods show weak performance in terms of accuracy, consistency, order of convergence, stability
regions and required more work out for evaluation of slope per iteration step and computational time.
Sometimes, numerical methods also used when the analytically methods fail to give the exact answers or
solutions of given problems. In such cases, we use some approximations or numerical methods. A single
numerical method is not enough for solving all kind of problems. Every numerical method is used for
particular types of problems in generally. That is why; new techniques and algorithms have been made
by the different researchers and scholars for the time. From the study of different areas; it is observed
that the obtained initial value problems or boundary value problems appear in different forms such as
autonomous, non-autonomous, Cauchy initial value problems, singular problems, fuzzy problems, delay
problems and so on [15, 23]. Different numerical methods and algorithms have been developed on each
type of above initial and boundary value problems on the basis of basic knowledge of Euler’s method,
modified Euler’s method and Taylor series. Similarly, using ground knowledge of Euler’s and Modified Eu-
ler’s methods [11], a new numerical scheme has been introduced in this researcher paper which is more
applicable as compared to similar type’s methods. In order to achieve improved accuracy and stability,
this study proposes an initial strategy. It was found that the recommended iterative scheme is more ac-
curate and compatible with the numerical order of convergence two after evaluating the performance of
different numerical factors related to the numerical approach. The stability region and interval of stability
region of the proposed scheme are larger than those of earlier techniques, such as the Euler’s method
(EM), improved Euler’s method (IEM), modified Euler’s method (MEM) [17, 25], modified improved modi-
fied Euler’s method (MIME), and improved modified Euler’s method, that were published in the literature
(IMEM). After being assessed with multiple open literature first value problems using different step sizes,
the suggested technique typically demonstrated improved accuracy in each initial value problem (IVP).

2 The Proposed Scheme
Many researchers have brought a lot of modification in the Euler’s method. Some of those are used in this
research methodology. The most simplest form of the Euler’s method (EM) is presented by the Leonhard
Euler’s in 1768 [1, 6, 8]. That is:

vi+1 = vi + βh
(
µi, vi

)
, (2)
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where i = 1, 2, 3, . . . and β is a step size. Another, simplest method is an implicit Backward Euler’s method
which is given by (3).

vi+1 = vi + βh
(
µi+1, vi+1

)
. (3)

It can be written as
vi+1 = vi + βh

(
µi + β, vi + βh

(
µi, vi

))
. (4)

Other modifications of Euler’s method are given by the following equations

vi+1 = vi + βh
(
µi +

β

2 , vi +
β

2h
(
µi, vi

))
. (5)

This is known as modified Euler’s method (MEM) [5], and this can be written as

vi+1 = vi + βρ, (6)

where
ρ = h

(
µi +

β

2 , vi +
β

2h
(
µi, vi

))
. (7)

Equation (8) is an improved Euler’s method (IEM) which is generated by taking the mean of the forward
Euler’s method and an implicit backward Euler’s method. That is

vi+1 = vi +
β

2
(
h
(
µi, vi

)
+ h

(
µi + β, vi + βh

(
µi, vi

)))
. (8)

Using more slopes at per integration step, other modifications has been developed such as modified im-
proved modified Euler’s method (MIME) which is given by equation (9)

vi+1 = vi + βh
(
µi +

β

2 , vi +
β

2h
(
µi +

β

2 , vi +
β

2h
(
µi, vi

)))
, (9)

and iterative technique proposed by [20] which is given by equation (10)

vi+1 = vi + βh
(
µi +

β

2 , vi +
β

4h
(
µi, vi

)
+ h

(
µi + β, vi + βh

(
µi, vi

)))
. (10)

Similarly, for developing new proposed scheme, use the mean of h(µi, vi) and ρ given by (7) at the place of
inner slope h(µi, vi) of (5).
Now, the proposed scheme will be in the form

vi+1 = vi + βh
(
µi +

β

2 , vi +
β

4h
(
µi, vi

)
+ h

(
µi +

β

2 , vi +
β

2h
(
µi, vi

)))
, (11)

(11) is known as an explicit iterative numerical scheme over the modified Euler’s method, which is new
proposed scheme.

2.1 Stability Analysis
Stability of any numerical method can be analyzed by using following linear model [7, 24]

v′ = λvi λ ∈ C. (12)

Using (12) on the proposed scheme we have

vi+1 = vi + βλ
(
vi +

β

4
(
λvi + λ

(
vi +

β

2λvi
)))

,
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vi+1 = vi + βλvi +
β2λ2vi
2 + β

3λ3vi
8 ,

vi+1 = vi + βλvi +
β2λ2vi
2 + β

3λ3vi
8 ,

let z = λβ,

vi+1 =
(
1 + z + z2

2 + z3
8
)
vi,

ψ(z) =
(
1 + z + z2

2 + z3
8
)
vi. (13)

This is a stability polynomial function of developed an explicit numerical scheme. Geometry of stability
polynomial function of proposed scheme is compared with the geometry of other methods such as
Euler’s method (EM), Improved Euler’s method (IEM), Modified Euler’s method (MEM), MIME method and
iterative technique proposed by [20].

Figure 1. Stability Region of Forward EM.

Figure 1 shows the stability region of Euler’s method (EM). In this figure, the white circular type region is
the stable region of the Euler’s method and shaded green region shows the unstable region. The numbers
label on horizontal axis and vertical axis show the real values and imaginary value respectively of the
complex plane.
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Figure 2. Stability Region of MEM & IEM.

Figure 2 shows the stability region drawn by using stability polynomial function in the complex plane
of MEM and IEM. In this figure the white portion without color represent the stable region of MEM and
IEM. Both methods have same stability region. The horizontal and vertical axes are labeled as real part
and imaginary part of complex numbers respectively. These real and imaginary values labeled on x-axis
and y-axis help in identifying the interval of stability region of concerned methods. The stability regions of
MEM and IEM are greater than the stability regions of Euler’s method (EM).

Figure 3. Stability Region of MIME Method and Method of [20].

Figure 3 show the stability regions of MIME method and an iterative method proposed by [20]. In this
figure thewhite portion shows the stable region of bothmethodswhereas remaining shaded region shows
unstable region. The stability regions of both methods (MIME and iterative technique proposed by [20].
are same. These regions are greater than the stability regions of Euler’s method and MEM. The horizontal
and vertical axes show the real and imaginary values of complex plane. These axes help in identifying the
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interval of stability regions of methods.

Figure 4. Stability Region of proposed Scheme.

Figure 4 shows the stability region of the proposed scheme. In this figure the white portion is stable
region of the proposed method and remaining portion is unstable region. From figure 1, 2, 3 and figure 4.
It observed that the stable region of proposed scheme shown by white portion in figure 4 is greater than
the stable regions of othermethods shown in figure 1, 2, and figure 3 bywhite portions. The horizontal axis
and vertical axis of Fig 4 shows the real and imaginary axes of the complex plane. Using these axes; one
can identify the interval of stability region. From figure 4, it is observed that the interval of stability region
of proposed scheme lie in (-3, 0). From the above analysis of stability regions, it is clear that, proposed
scheme is more stable than all others schemes which are discussed here in this paper.

Table 1. Stability Polynomials & Intervals of Absolute Stability

Algorithm Stability polynomial Absolute stability Interval
EM 1 + z (-2, 0)

MEM 1 + z + z2
2 (-2, 0)

IEM 1 + z + z2
2 (-2, 0)

MIME 1 + z + z2
2 + z3

4 (-2, 0)

[20] 1 + z + z2
2 + z3

4 (-2, 0)

Proposed Scheme 1 + z + z2
2 + z3

8 (-3, 0)
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The above table 1 shows the comparison of the stability zone that has been studied in earlier literature
[2] with the present study’s proposed technique and it shows the grater stability.

2.2 Consistency
Definition 1. If the incremental function of proposed scheme with the step size approaching zero, agree with
IVPs (1) such that

lim
β→0

ϕ
(
µi, vi,β

)
= h

(
µi, vi

)
. (14)

Then the proposed scheme is said to be consistent [16]. Now, the incremental function of proposed scheme is

ϕ
(
µi, vi,β

)
= h

(
µi +

β

2 , vi +
β

4
(
h(µi, vi

)
+ h

(
µi +

β

2 , vi +
β

2h(µi, vi)
)
)
)
.

Using 14 to proposed scheme, we have From the above analysis of stability regions; it is clear that, developed
scheme is more stable than all others schemes w hich are discussed here in this paper.

lim
β→0

ϕ
(
µi, vi,β

)
= lim

β→0
h
(
µi +

β

2 , vi +
β

4
(
h(µi, vi) + h

(
µi +

β

2 , vi +
β

2h(µi, vi)
)))

,

lim
β→0

ϕ
(
µi, vi,β

)
= h

(
µi, vi

)
.

This proves that proposed scheme is consistent

2.3 Analysis of Local Truncation Error
The local truncation error is defined as

L.T .E = Cβp+1vp+1(µ) + O(βp+1), (15)

Where the coefficient ‘C’ is a constant value which is known as an error constant and ‘p’ is known as an
order of accuracy [3, 21]. Local truncation error can be found by taking the difference of exact Taylor series
for v(µ+β) and Taylor series generated from composed scheme vi+1. Taylor series for v(µ+β) is expanding
as follow [12, 14, 19].

v(µ + β) = v(µ) + βh + β
2

2!
(
hµ + hhv

)
+ β

3

3!
(
hµµ + 2hhµv + h2hvv + hhv2 + hµhv

)
+β

4

4!
(
hµµµ + 3hhµµv + 3h2hµvv + 5hhvhµv + 3hµhµv + h3hvvv+

4h2hvhvv + 3hhµhvv + hhv3 + hµhv2 + hµµhv
)
+ O

(
β2

)
.

(16)
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Now expanding the slopes of 11 by 16, we have

K1 = h
(
µi, vi

)
= h,K2 = h

(
µi +

β

2 , vi +
β

2
)

K2 = h +
β

2 {hµ + hhv} +
β2

8 {hvvh2 + 2hhµv + hµµ}

+β
3

48{hvvvh
3 + 3hµvvh2 + 3hµµvh + hµµµ} + O

(
β4

)
,

(17)

K3 = h
(
µi +

β

2 , vi +
β

4 (K1 + K2)
)
, K3 = h +

β

2 {hµ + hhv} +
β2

8 {hµµ + 2hhv + h2hvv + hhv2 + hµhv}

+β
3

48{hµµµ + 3hhµµv + h
2hµvv + 6hvhµv + h3hµvv +

9
2hvh

2hvv + 3hµhhvv +
3
2hvhµµ} + O

(
β4

)
.

(18)

Substitute K3 in composed scheme at the place of incremental function we have

vi+1 = vi + βh +
β2

2 {hµ + hhv} +
β3

8 {hµµ + 2hhv + h2hvv + hv2 + hµhv} +
β4

48{hµµµ+

3hhµµv + 3h2hµvv + 6hhvhµv + h3hvvv +
9
2hvh

2hvv + 3hµhhvv +
3
2hhvhµµ} + O

(
β5

)
.

(19)

Now by comparing (16) and (19), we found that both equations agree up to β2. Hence the order of
convergence of proposed scheme is 2 and local truncation error of proposed method is given by the
following equation.

LTE = β3{18hµµ +
1
4hhv +

1
8h

2hvv +
1
8hhv

2 + 1
8hµhv} + O

(
β4

)
(20)

3 Results and discussion
In this section, the performance of proposed scheme has been measured on the basis of relative percent-
age error with the IEM, MIME and the method constructed by Qureshi et al (2013). The graphs of relative
percentage error have been obtained by using MATLAB version 7.5.0 (R2007b). All problems have been
taken from the open literature for checking the validity of results obtained from the proposed scheme.

3.1 Example 1
solve dv

dµ = cos2µ + sin3µ, v(0) = 1; µ ∈ [0, 10] and β = 0.1. The theoretical solution is v(µ) = 1
2sin2µ –

1
3cos3µ +

4
3.

solution:
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Figure 5. Relative percentage Errors of Example 1.

Figure 5 shows the graph of relative percentage errors obtained from different numerical methods.
The label of horizontal axis shows the value of an independent variable µ and vertical axis represents
the relative percentage error obtained from numerical methods at different value of µ. The graph of this
problem shows that MIME, an iterative technique proposed by [20] and proposed scheme produce almost
same error at each value of µ but, the IEM performance larger error than others at each value of µ.

3.2 Example 2
solve v′ = cos(µ), v(0) = 1; µ ∈ [0, 1] and β = 0.1. The theoretical solution is v(µ) = exp sin(µ) [22]
solution:

Figure 6. Relative percentage Errors of Example 2.

Figure 6 shows the graph of relative percentage errors of differentmethods which are written in legend
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at right top corner of the graph. From the curves of relative percentage errors; it is observed that the
proposed scheme shows less error as compared to other method (IEM, MIME and iterative technique by
[20]. Red dotted curve shows the relative percentage error of proposed scheme whereas light green, blue
and purple colors show the relative percentage errors of IEM, MIME and iterative technique by [20]. In this
figure the horizontal axis shows the values of µ and vertical axis shows the relative percentage errors.

3.3 Example 3
[18] solve v′ = 1 + 2v – v2, v(0) = 0. The theoretical solution is v = 1 +

√
2tanh{

√
2µ + 1

2 ln
(√

2 – 1√
2 + 1

)
} [22]

solution:

Figure 7. Relative percentage Errors of Example 3.

Figure 7 shows the graph of relative percentage errors of numerical methods written in legend at right
top corner of the graph. The proposed scheme drawn by red dotted curve shows less error as compared
to all others curves of different methods and an iterative technique by [20] drawn by the purple color
shows less error as compared to other two methods (IEM and MIME). The light green curve of IEM shows
larger error as compared to all others. The horizontal and vertical axes of figure 7 show the value of an
independent variable and relative percentage error respectively.

3.4 Example 4
solve v′(µ) = 1 – v2(µ), v(0) = 0. in the interval 0 ≤ µ ≤ 10.The theoretical solution is v(µ) = tanh(µ) and
β = 0.1 [21]
solution:
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Figure 8. Relative percentage Errors of Example 4.

Figure 8 shows the graph of relative percentage errors of different numericalmethodswritten in legend
at right top of corner of the graph. The proposed scheme’s relative percentage error drawn by the red
dotted curve shows the less error as compared to all other mentioned methods in the defined interval.
The relative percentage error in MIME method is less than the relative percentage error in an iterative
technique by [20]. The IEM shows greater relative percentage error in entire interval.

In figure 5, the relative percentage error of the method constructed by [20] and MIME method almost
show the same error as in proposed scheme. But, if we will zoom in the graphs, it will be clear that the
proposed scheme converges faster as compared to others and modified Euler’s method shows poor per-
formance. The figure 6, 7 and figure 8 clearly present that the proposed scheme is showing less relative
percentage error as compared to othermethodswhich are shown in graphs. All these examples are solved
at 0.1 step size but these examples are also performing more accurate result at small step size. The pro-
posed scheme is also verified at different step sizes and different ranges of independent variable involved
in the examples. These graphs show the validation of results of proposed scheme.

4 Conclusion
In this study, a new modification of a MEM has been introduced which is more efficient for solving IVPs
in ODEs. This modified scheme has been proposed by replacing the inner slope h(µi, vi) of the MEM by
the mean of main slope of MEM and slope of explicit forward Euler’s method. The proposed scheme has
also been analyzed for the different numerical factors such as stability, consistency, order of accuracy and
local truncation error. During the analysis, it is found that the proposed scheme shows large absolutely
stability interval and more accuracy with same order of convergence as compared to others. The abso-
lutely stability region of proposed scheme is (-3,0) whereas other methods have (-2, 0). The number of
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IVPs in ODEs has been tested on the proposed scheme and on some existing methods (i.e. IEM, MIME
and the method constructed by [20]) using MATLAB software and noted that the proposed method was
showing better accuracy as compared to others. The solution results and relative percentage errors of pro-
posed scheme and other methods has also been tested by taking different step size and different interval
length on each problem, and found that the proposed scheme again showing more accurate results and
less relative percentage error in over all the problems. Especially, the proposed scheme is best tool for
solving autonomous Bernoulli’s differential equations, logistic models, and linear differential equations.
Overall, the novelty of this work is defined on the basis of accuracy and more stability; which is proved
and analyzed through different derivations and numerical problems.
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