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Abstract In the recent period of time a considerable and remarkable work
have been done on the graphic design, artificial intelligence, optimization the-
ory, solving numerical approximation of ordinary as well as Partial differential
equations by some numerical recipes. Discrete Laplacian operator is the one
of the leading tool being involved and is used in various mathematical models
and theories. It is the most demanding mathematical operator in Cell Dynamic
simulation (CDS), Self-Consistent Field Theory (SCFT) to study advanced materi-
als, and image processing. Researchers are working for novel numerical scheme
to acquire in addition to accuracy and stability, isotropic numerical results. Re-
searchers are facing challenging tasks in physically motivated discretization on
curved surfaces/boundaries. In this work a numerical study is carried out to dis-
cretize Laplacian operator on 13-point stencil in cylindrical mesh system. The
discretization process on Laplacian operator is carried out using finite difference
methodwhich allows fast computation competencies in the simulation processes.
This numerical study explores new formulations for the discretization of partial
differential equationswhich are verified against analytic solutions and give consis-
tent, convergent, accurate and stable numerical results for 1 st order, 2 nd order
partial derivatives and Laplacian operator.
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1 Introduction
In mathematical and computational modeling, recreation of models, artificial intelligence and in so many
other computer based applications, the discrete Laplacian operator plays an essential role specially he
represents the surfaces by applying mesh or gird system. These gird or mesh system have been made
by Cartesian system and it can be operated, replicated and analyze. Recently, many novel methods have
been developed for the solution of differential Geometry of the surfaces of the discrete Laplacian opera-
tor by researchers. These novel methods have been applied in several areas such as image processing,
artificial intelligence, graphic designing, two and three dimension animation, in robotics and also in shape
representations. In the pore geometry and the solution of surfaces, heat and diffusion equation discrete
Laplacian operator studies provide novel accuracy and stability in results. So many schemes have been
made on different coordinate system especially on Cartesian, spherical, polar as well as cylindrical coor-
dinate system. The usages of finite difference scheme especially based on the co-tangent scheme, which
keeps high efficiency in his novel outcomes. In this scheme high accuracy and stability of the scheme has
been discussed with improvements.

In this research paper, finite difference scheme has been used for discretiztion of discrete Laplacian
operator into cylindrical gird system by applying 13-points stencils. This novel technique is extensively
applied in the numerical approximation of physical, computational, chemical models which may belong
to several braches of the physics and science. The stability , efficiency and consistency of the developed
13-points schemes have been discussed in this research paper.

1.1 Aims and Objectives of the cylindrical thirteen points stencil
• To calculate five (5-point) approximations of the partial derivatives of the first and second orders in
the cylindrical coordinate system.

• To use a finite difference approach to develop the Laplacian operator in a cylinder-mesh structure
containing Thirteen-points stencil. It will confirm the outcomes system’s stability about developed
scheme.

1.2 Survey of the Finite difference scheme including the partial
difference scheme.

There are many facets to the study of the Partial Differential equations;. The traditional approaches to
solving PDEs in the 19th century focused on providing strategies and abilities to identify concrete solutions.
Each mathematical development that enabled a solution to the most recent kind of the Partial Differential
equations brought about effective growth in Physics because PDEs have enormous usefulness in many
different branches of physics. In this approach, Hamilton’s characteristics technique aided in important
advances in analytical mechanics and optics, while Fourier’s technique helped to explain heat transfer
and wave propagation. The concept of electromagnetic advanced greatly as a result of Green’s strategy.
Since the previous sixty or seventy (60 to 70) years, the concept of numerical approaches have caused a
tremendous progress in Partial differential equation.

In general setups andwith additional subjective circumstances, these numerical techniques assisted by
computer use have been successful in solving PDEs of practically all sorts; nonetheless, there are still many
implementation challenges that need to be overcome or at least mitigated [1],[2]. Although themethod of
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splitting the entire domain to work out is fairly effective, it is not possible to solve the entire model domain
at once. A key technique that bridges the discrete and continuous worlds is called discretization [3]. For a
mathematical model to produce results that are suitable, discretization is essential.

Discretization has a lot of applications for continuous problems. Thesemethods that are typically used
for discretization are: the Spectral Method for approximating the solution, the (Finite Elements Method)
used for approximating the clarification, the (Finite volumeMethod) intended for approximating themain-
tenance principle the (Finite Difference Method) applied for approximating the differential operator. The
use of Taylor series expansion and polynomial interpolation is extensively utilized in developed discretiza-
tion scheme which is used for the Whole differential in the (FDM) for creating high-order differences [4].
The development of differential operators must be done individually in order to solve the Partial Differen-
tial Equations linked to continuous theory or to derive quantitative approximations related to events of
classical or quantum science [5]. Partial differential equation (PDES) frequently utilize differential opera-
tors including gradient, divergence, curl, and Laplacian[6]. Among them, the Laplacian operator plays a
crucial role in many multidimensional linear mathematical physics models, as it does when it describes
many classical and quantum wave events, as well as when it appears in mathematical models of heat
diffusion and viscosity effects [7].

Laplacian operators are used inmany engineering disciplines, including electricity, fluidmovement, and
constant heat conduction [8]. Discrete Laplace operators have been frequently used, especially in a variety
of geometric processing assignments. Grid editing, model-hape description, and shape interpolation can
all benefit from grid processing methods based on the Laplacian [9].

The Laplacian by Robin boundary value problem, whose globular geometry may be found through-
out the cosmos in both the greatest configurations and the tiniest particles, is one of the most important
boundary value problems inmany disciplines of science [10].For elliptic Partial differential equation and for
development of the discrete Laplacian operator central difference technique of finite differencemethod is
used. The first and second partial derivative of spatial domain at node can be shown by linear patterned of
three functioned valued. Moreover, for the spatial partial derivative of higher order domain there is need
of extra nodes. Higher order finite differences scheme contains consistency and accuracy better than in
finite difference. There are several techniques used for the evaluation of the PDES and also used for the
discretization of the ordinary as well as partial differential equations explicit finite difference scheme, im-
plicit finite differencemethod and Crank Nicolsonmethod are among them. Thesementioned techniques
contain very high accuracy, stability and consistency in the novel results of numerical approximation of
the developed schemes [11].

In fair cases it so difficult and challenging to practices these techniques in Cartesian coordinate system.
Furthermore in the cylindrical, spherical as well as in polar mesh system these techniques provides charm-
ing results in formation and simulation of mathematical modeling, computational and numerical approx-
imation when choosing Cartesian mesh system. The starling a mathematician developed the Laplacian
operator by finite difference technique in cylindrical mesh system [12].cylindrical mesh system is most
adjustable system for the novel results of numerical approximation and also for various physical as well
as chemical structures. Such as polymerizations, Di-block copolymer self-assembly, climatologically and
geophysical, fluid flow (laminar as well as turbulent), and etc.
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2 Methodology
So many mathematical physical, biological and chemical models can be simulated by partial differential
equation. The study of partial differential equation has shown quite novelty in simulation results of mod-
els which may belong to economics, financial forecasting, image processing, artificial intelligence and so
many biological aspects [13]. The most important point in partial differential equation is that it cannot
be solved analytical. So due to the non-analytical results partial differential equation will consider under
numerical approximation solution. In these solution most of cases, the numerical approximation results
characterizes with the useful principles of the mesh points or gird points. For the solution, evaluation and
simulation of numerical approximation so many numerical models, operator and numerical methods are
presents in the literature such as finite difference method (FDM), Finite Volume method (FVM) and Finite
Element Method (FEM).

2.1 FINITE DIFFERENCE METHODS (FDM)
It is numerical approximation scheme depend upon the replacing or exchanging the approximated nu-
merical differential equation into finite difference scheme. The algebraic equation will be generated in
finite difference method but in it provide the approximated results which will appear in form of mesh or
gird system. Finite difference scheme depends upon major three important steps which are. 1) Forward
Difference Method 2) Backward Difference Method 3) Central Difference Method

Figure 1. Proposed plane representing the points in x and t direction
[8]

2.2 Forward Difference Method
It is Taylor series expansion from right to left of the origin which shows the common difference in r-axis.
It can be seen in figure. Here r represents the change in points. Here partial derivative of u with respect
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to r-axis is the operator of the equation.
∂u
∂r =

1
(∆r)

[
u(1,0,0) – u(0,0,0)] (1)

2.3 Backward Difference Method (BDM)
It is Taylor series expansion from left to right of the origin which shows the common difference. It can be
seen in figure. Here r represents the change in points.Here partial derivative of u with respect to r-axis is
the operator of the equation.

∂u
∂r =

1
(∆r)

[
u(0,0,0) – u(1,0,0)] (2)

2.4 Central Difference Method (CDM)
It is Taylor series expansion from left to right as well as right to left of the origin which shows the common
difference. It can be seen in figure. Here r represents the change in points.

∂u
∂r =

1
(2∆r)

[
u(1,0,0) – u(2,0,0)] (3)

Three-Dimensional Cartesian coordinate system, the discrete Laplacian operator can bewritten in stan-
dard form as in equation (4).Here partial derivative of u with respect to r-axis is the operator of the equa-
tion.

∇2u = ∂2u
∂x2 + ∂2u

∂y2 + ∂2u
∂z2 (4)

The standard formula of discrete Laplacian operator in cylindrical mesh structure is defined as in equa-
tion no (5). Here in equation (3), r is representing i-axis (x-axis in Cartesian coordinate system), is repre-
senting j-axis but in Cartesian coordinate system it is(y-axis), and last one is which is also k-axis, it can
been be written as a z-axis in Cartesian Coordinate system. Furthermore, the and will be considered in
radian angle and same type of Laplacian can also explained in polar coordinate system as [7],

∇2u = ∂2u
∂r2 + 1

r
∂u
∂r +

1
r2

∂2u
∂θ2 + ∂2u

∂z2 (5)
Now first, second order partial derivative is required w.r.t to Using Tailor series, the first and second order
partial derivative will develop. This developed equation may put into equation. Now obtained equation
is called laplacian operator containing Thirteen-point stencils in cylindrical mesh system with weighing
factor.

3 Procedure for developing Scheme.
Finite difference scheme plays an essential role in themathematical, Computationalmethods and somany
fluid dynamics models specially for it is used for solving the Laminar and turbulent flow models [14].

Due to his high accuracy in novel results many researcher have applied this technique in Crank Nicol-
son method, Navier Stoke method and Helmholtz equation [15].Furthermore, among highest application
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Figure 2. Proposed Molecule in 3- Dimension in cylindrical form [8]

of finite difference method to find the intensity of earth quick is the best and novel appication of finite
difference method [16].

As the proposedmolnamics and also in fluid dyecule in 3-dimensional so by taking help from Cartesian
coordinate system, it can be drawn as figure(3).This mode has been adopted for discretization purpose
here r-axis has been taken for second order partial derivative ,the developed second order partial deriva-
tive w.r.to r can be seen in equation no (6). In this equation (6) there is variation in r-axis, where j-axis
and k-axis are zero. In equation no (7) variation in -axis has been obtained and due to the -axis, r-axis and
z-axis remain static. This equation deal with the second order partial derivative w.r.to -axis containing five
points stencil and equation (8) is being developed on second order partial derivative on z-axis here vari-
ation is in z-axis and r-axis and -axis will be in rest form and according the demand of discrete Laplacian
operator first order partial derivative w.r.to r-axis is required. It has been investigated from the developed
molecule which is containing thirteen points’ stencils in cylindrical mesh system that there are five points
are presents in r-axis so the first order partial derivative of the scheme can be notified by equation (9).
These second order as well as first order partial derivative equation have been developed by using Taylor
series expansion. All below developed equations are containing five points (5) stencil in cylindrical mesh
system.

∂2u
∂r2 = 1

12(∆r)2
[ –u(–2,0,0) + 16u(–1,0,0) – 30u(0,0,0) + 16u(1,0,0) – 2u(2,0,0)

] (6)
∂2u
∂θ2 = 1

12(∆θ)2
[ –u(0,–2,0) + 16u(0,–1,0) – 30u(0,0,0) + 16u(0,1,0) – 2u(0,–2,0)

] (7)
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Figure 3. Three dimensional molecule contains 13 points stencils for r-axis. In this graph, three categories have been
developed, a) the red points indicates the r-axis where -axis and z-axis will remain zero (r,0,0).b) The block points
belongs to the -axis and r-axis and z-axis will be zero in this case (0, ,0). C) The range points are the z-axis points

again where ra nd -axis becomes nothing (0.0.z) [8]

∂2u
∂z2 = 1

12(∆z)2
[ –u(,0,0) + 16u(–1,0,0) – 30u(0,0,0) + 16u(1,0,0) – 2u(2,0,0)

] (8)
∂u
∂r =

1
12(∆r)

[
u(–2,0,0) – 8u(–1,0,0) + 8u(1,0,0) – u(2,0,0)] (9)

Putting above all the equation into equation no. 5.
∂u
∂r =

1
12(∆r)

[
u(–2,0,0) – 8u(–1,0,0) + u(1,0,0) – u(2,0,0)] (10)

∇2u(0,0,0) = W


112(∆r)2
[–u–2,0,0 + 16u–1,0,0 + 16u1,0,0 – u2,0,0]+112r(∆r)
[
u–2,0,0 – 8u–1,0,0 + 8u1,0,0 – u2,0,0]+112(∆θ)2
[–u0,2,0 + 16u0,–1,0 + 16u0,1,0 – u0,2,0]+112r2(∆Z)2
[–u0,0,–2 + 16u0,0,–1 + 16u0,0,1 – u0,0,1]

+]–

Here w is the weighting factor, equal to where
W =

[ 3r2.∆r2.∆θ2
5((∆z2.∆θ2.r2) + ((∆r2.∆z2)) + ((∆r2.∆θ2.r2))

]
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The developed thirteen point’s stencils equation is discrete Laplacian operator in cylindrical mesh system.
Now for the numerical approximation of the developed scheme, examples is given below.

4 Example
Find the analytically and numerical approximation results of u(0,0,0) = r + z + cos by applying thirteen
points stencils in cylindrical mesh system with error analysis and also discuss its stability and accuracy?
For the discretization purpose there are some notation which will be used for calculating the analytical
and approximated values. The notation are given below.

ri = ra = i (∆r) , θj = j (∆θ) and k = k (∆ϕ) so i = j = k = 0, 1, 2, 3 . . . . . . .n,m
To execute the developed scheme made on thirteen point’s stencils in cylindrical mesh system con-
tains some values which will be taken as constantly in the developed scheme such as, the value of
rawillbeoneunit, Thechangeinrorrwillbeconsideras0.1unitmeasurevalue.∆r = 0.1 and ∆θ = π180and∆ϕ =
π180 radians

5 Results and Discussions of developed scheme
For the verification of obtained discrete Laplacian by the use of (CFDS) central finite difference scheme
containing Thirteen-Points stencil in cylindrical mesh system. For the development of mathematical and
computational results, a FORTRAN code has been developed. The obtained results will show the accuracy
and consistency in the results. Several fundamental numerals of have been involved under FORTRAN
code developed on discretization scheme in cylindrical mesh system for obtaining the novel results.
Applying the above table here are the radial, azimuthal (angle will represents in radian) as well as z-axis
can be seen, these updated values will use in code for numerical approximation results.

ri angle Radian Analytical
Value

Approximate
value

Error of
Scheme

1.1 1.7450E-02 0.1 2.199 2.199 -1.136E-05
1.1 1.745E-02 0.2 2.199 2.1995 -1.136E-05
1.1 3.4908E-02 0.1 2.199 2.199 -1.142E-05
1.1 3.490E-02 0.2 2.199 2.199 -1.142E-05
1.2 1.745E-02 0.1 2.299 2.299 -2.242E-05
1.2 1.7450E-02 0.2 2.299 2.299 -2.242E-05
1.2 3.490E-02 0.1 2.299 2.299 -2.247E-05
1.2 3.490E-02 0.2 2.299 2.299 -2.247E-05

Table 1 : a) ra, it is the radius value, b) j-axis value, c) z-axis value d) Analytical results of the developed
scheme, d) Approximated results of developed scheme and e) Error analysis of developed thirteen

point’s stencils in cylindrical mesh system.
The numerical results are obtained for proposed isotropic discrete Laplacian operator in cylindrical coordi-
nate system by taking novel examples. Intended for mathematical result estimated by DLO on cylindrical
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mesh scheme a code under FORTRAN scheme has been developed. The novel results obtained by using
FORTRAN code has been discussed with the comparisons of analytical as well as approximated results of
developed numerical scheme in the estimated table. The estimated table shows the six (6) decimal point
accuracy in the scheme. For numerical schemes the stability is intimately connected with statistical error.
A developed Finite Difference scheme is conditionally stable up-to the 6 points decimal error. In the above
table, it can be seen that increasing the value of r, and the analytical as well as approximate value of the
developed scheme is so closed and obtained error is up-to 5 (five) decimal places, which is quite accuracy
and efficiency in novel result of the developed scheme under thirteen points stencils in cylindrical mesh
system. Furthermore, on the behalf of the developed novel results of the discrete laplacian operator, it is
stable scheme on thirteen point’s stencils in cylindrical mesh system in finite difference method

6 Stability Analysis of the developed scheme.
For computational and numerical approximation results of developed schemes, the stability is strongly
associated with approximated numerical error. If one time step error occurred in numerical and computa-
tional approximation, which is not actually effectible on error, therefore due to his non effectible error the
finite difference scheme considered as a stable scheme. The error analysis and stability analysis tables in-
dicates that the change in r is directly put an impact on the change in error, which can be seen in the table.
The investigated table shows that if r 0.1 increasing the error of the scheme will be decrease even though
if r 0.00000001 then error will be zero, this shows the convergence and stability of developed scheme on
thirteen points stencil in cylindrical mesh system.

ri angle

0.00000001 -2.168E-19
0.0000001 -4.336E-19
0.000001 -6.114E-17
0.00001 -6.4919E-15
0.0001 -1.008E-12
0.001 4.584E-10
0.01 -2.989E-07
0.1 -1.136E-05

Table 2 : Table shows the error analysis of developed thirteen points stencils. Here 0.1 to 0.0000001
values have been taken, the obtained results are satisfied due to decreasing the value of r_a and the error
become near to zero, it is considered as the scheme is convergent.

In this table we can identify the logic of error and consistency as well as stability, when by applying
the 0.01 in, the novel results of schemes obtained up-to 5 exponents, as decreasing the value of, we can
analyze that novel results of developed scheme reaches very closed to zero, this shows the convergence
of the developed scheme. Now it can be seen and write that the convergence of the above examples is.

The analyzed results of the developed scheme can be visualized in below graph.
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Figure 4. This graph has been developed by taking thirteen (13-points) stencil in cylindrical mesh system and graph
made by (GNUPLOT 5.4 PATCHLEVEL 4) software. In this graph, it can be seen that decreasing the value of r error has
reached on zero, this shows the accuracy and efficiency of the scheme and due to his accuracy and stability, it can be
said that it is a stable scheme.

7 Conclusion
The Laplacian operator under thirteen (13) points stencil in cylindrical mesh system is developed by us-
ing Taylor’s series and the novel numerical formulation developed in this study is verified by developed
Fortran code. The numerical results obtained by the numerical formulations are visualized by GNUPLOT
5.4 PATCHLEVEL 4. The new numerical formulations devised for Laplacian operator/partial differential
equations show accuracy, consistency and stability. The obtained numerical formulations can be used
in solutions of partial differential equations involved in 1 st order and 2 nd order partial derivatives on
cylindrical mesh system. Due to the good accuracy of numerical results, it is upright method may be used
in modern mathematical, scientific chemical and biological fields. In this research article may be able to
discrete the

Laplacian operator on thirteen point stencil in cylindrical coordinate system, which may help in sim-
ulation study of di-block copolymers system confined into cylindrical mesh system, simulation of hollow
cylindrical form as well as in pattern of block copolymers.

8 Future Work
• Use thirteen-points stencil in Crank-Nicholson’s method to generate discrete Laplacian operator in
cylindrical mesh system, it is most accurate, efficient, stablemethod and having convergence criteria.

• Discretize the Laplacian operator for reduce the computational cost by applying thirteen (13) points
in cylindrical mesh system
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• Applying Cell Dynamic Simulation model on thirteen points stencil to obtained novel results in cylin-
drical mesh system.

• Increasing the number of stencils will be effects on the approximation numerical results.
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