VFAST Transactions on Mathematics
http://vfast.org/journals/index.php/VTM@ 2023, ISSN(e): 2309-0022, ISSN(p): 2411-6343

Volume 11, Number 1, January-June, 2023 pp: 01-16

FAXT

Keywords: Heat
transfer, MHD, Vorticity,
Oscillating

Streams, Exact solution.
Subject Classification:
fluid mechanics

Journal Info:
Submitted:
January 05, 2023
Accepted:
February 19, 2023
Published:

March 05, 2023

The effect of oscillating streams
on heat transfer in viscous
magnetohydrodynamic MHD fluid
flow

Afaque Ahmed Bhutto '”, Iftikhar Ahmed Bhutto?, Saeed Ahmed Rajput?, Syed
Asad Raza Shah®

T"BSRS Department, QUEST, campus Larkana, Pakistan; 2Sukkur IBA University, Sukkur,
Pakistan; 3BSRS Department, MUET, Pakistan

Abstract

This study focuses on developing and proving exact solutions for equations of mo-
tion involving a fluid with finite conductivity, variable viscosities, and heat transfer
in the presence of a transverse magnetic field. By utilizing a transformation vari-
able, the governing equation is transformed into a assortment of simple ordinary
differential equations, enabling accurate solutions to be achieved for the prob-
lem. The solutions demonstrate that the distribution of vorticity is proportional
to the stream function, which is disturbed by oscillating (sine or cosine) or even
and exponential streams. This study compares the u(x,y) profiles of steady fluid
flow with changing viscosity and heat transfer travelling on a plane. The compar-
ison is used to identify differences in the profiles of u(x,y), providing insight into
the changes that occur in interesting factors. These findings have significant im-
plications for understanding fluid dynamics in complex systems and may have
important applications in fields such as engineering and physics.
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1 Introduction

In recent years, there has been a growing interest in understanding the effect of oscillating streams on the heat transfer
characteristics of MHD fluids. This research is particularly relevant in applications such as nuclear reactors, chemical processes,
and cooling systems, where heat transfer is a critical factor in the design and operation of the system. Top of form the effect of
oscillating streams on heat transfer in viscous magnetohydrodynamic (MHD) fluid flow is a topic of great interest in the field of
fluid mechanics and heat transfer [1]. MHD refers to the study of the interaction between magnetic fields and electrically
conductive fluids. The behavior of MHD fluids can be affected by a variety of factors, including the presence of magnetic fields,
the viscosity of the fluid, and the flow rate [2]. The behaviour of MHD fluids in the presence of oscillating streams can be
complex, and there are many factors that can influence the heat transfer process [3]. It is not possible to evaluate or validate the
difficult flow problems and physical phenomena in their exactness until exact solutions are found [4,5]. In order to get the perfect
solution in each sector where mathematical modelling is used, many researchers, scientists, and engineers are striving to find the
correct solution in their particular discipline. The Navier-Stokes equations are crucial in the study of fluid mechanics. When it
comes to fluid flow, the significance of Navier-Stokes' equations lies in its wide application for a variety of different types of
fluid flow, ranging from thin layer to large-scale atmospheric and cosmic flows [6,8]. However, because of the nonlinear
character of Navier-Stokes' equations, it is extremely difficult to find a precise solution to them [9,10]. To yet, no complete set
of the general solution to Navier-equations Stokes's has been discovered, and this remains an unresolved subject. In order to
overcome this difficulty, several researchers have proposed numerous transformations, inverse or semi-inverse approaches for
the reformulation of insolvable form equations, among other things. Certain scholars were able to linearize Navier-equations
Stokes's and successfully achieved some exact solutions using Martin's formulation [11], and the hodographs transformation
[12,13]. Some authors [9,14,16,17,18] employed the inverse method and made some assumptions about the flow variable in order
to arrive at more precise answers to their problems. However, with constant viscosity fluid flows, it has been possible to obtain
solutions that are superior to all others. Viscosity no longer remains constant under a variety of physical circumstances, such as
high pressure and temperature gradients, or in electrically conducting fluid flows where magnetic effects play a dominant role,
in which the magnetic effects are dominant [19,20,21,22,23] When vorticity is treated as a variable, it becomes more difficult to
establish the exact solutions to Navier-Stokes' equations. The accurate solution of the Navier-Stokes equations for a fluid with
changing viscosity has only been published in a few articles in the literature so far. For incompressible fluid with varying
viscosity, Naeem and Nadeem [24] modified Martin's technique, in which the system of equations is rewritten in curvilinear
coordinates, to include nonlinear coordinates. Naeem [25], was able to translate the governing equations of an incompressible
fluid with changing viscosity into a set of ordinary differential equations and achieve some accurate solutions by employing a
one-parameter group of transformation. Moreover, using von-mises variables and various transformation approaches, Naeem and
colleagues [26,27] discovered certain accurate solutions of steady planar incompressible fluid flows with varying viscosity using
von-mises variables and various transformation techniques. Naeem and Jamil [28,29], defined a one-dimensional transformed
variable £ = (x cos@ + ysinf); —r < 8 < m, ordinary differential equations were derived from the governing equations, and a
set of exact solutions for fluid flow with varying viscosity was obtained. These solutions reveal that the vorticity function is
proportional to the stream function, which is perturbed by a uniform stream parallel and inclined to the x-axis. Jamil and Khan
[30] used the same technique to consider an electrically conducting fluid with variable viscosity in the presence of a transverse
magnetic field and the vorticity distribution proportional to the stream function perturbed by a uniform magnetic field. U(x + y),
where U is a constant that is inclined to the X-axis. In addition, employing the same techniques as described above, some
additional work for Newtonian and non-Newtonian fluids with and without variable viscosity has been published in [31,32,33]
and references cited. However, due to its widespread application in physics, engineering, and mathematics, its insignificant
consideration has been focused on the hydrodynamic flow of electrically conducting viscous incompressible fluids with magnetic
effects. It is the study of how conducting fluids interact with electromagnetic events [34] that is the focus of MHD research. A
stationary frame of reference on Earth's surface that spins around an inertial frame while subjected to the earth's magnetic field
is used in geophysics to determine and investigate the locations and velocities of a stationary frame of reference on Earth's surface
in the presence of its magnetic field [35]. Magnetic field-induced fluid flow (MHD) is used extensively in a variety of fields
including power production, MHD pumps, plasma, aerodynamics, nuclear engineering, earthquake, magnetic drug targeting,
MHD sensors, and ion propulsion, among others. As a result, various academics have examined several fascinating flows in
[36,37,38]. The main objective of this study is to obtain exact solutions for the governing equations that describe the flow of an
electrically conducting fluid with variable viscosity, subjected to a transverse magnetic field H = (0,0, H), while considering a
vorticity distribution that is proportional to a stream function perturbed by a sinusoidal or cosine-like oscillating flow, i.e.,
Usin(ax + by) or Usin(ax + by).
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2 Basic Magnetohydrodynamic (MHD) equations and problem
formulation

Here are the fundamental dimensionless equations that govern a fluid with a variable viscosity is in motion in an
incompressible state and finite conductivity in a steady state, under the influence of a magnetic field:

v.V=0 1)
V.PV = —Vp +—V.[u(PV + (PV)")] + Ry[(V x H) x H] 2)
Vx(VxH)=RiUV2H ®3)
W."T = @ V2T + ’;—Z 2ulS: vV] + R:Ec (V x H)? )
§ =2 (7V+(PV)7) (5)
V.H=0 (6)

Where, V is the velocity, H is the magnetic field, p the pressure, T the temperature, u the viscosity all of these quantities are
functions of x, y coordinates. Reynolds number (Re), Prandtl number (Pr), Eckert number (Ec), magnetic pressure number
(RH), magnetic Reynolds number (Ro). Taken into consideration, the flow is a plane transverse flow. We have

V= (u,v,0)H=(0,0,H),(),=0 (7)
The system of equations (1-6), utilizing equations (7) becomes,
Uy +v, =0 (8)
uuy, + vu z—[p+R H—Z] +i[(2uu) +(u(u +v))] 9
X y H 2 1y Re xX)x y X y
H? 1
Uy + Vv, = — [p + Ry T]y +o [(ZMUy)y + (/,t(uy + vx))x] (10)
1
uHy + vHy = o [Hyx + Hyy (11)
1 E 2] | RyE
UTy + 0Ty = ——[Tx + Ty | + R—gu [z(u,% +v2) + (uy +vy) ] + ZUC (HZ + HZ) (12)
Equation (8) implies the existence of the stream function ¥ such that.
u= lpy! V== (13)
The number of equations (8 - 12) on employing equation (13), convert into the following equations.
1
Jx = Y0 + Re [#(Il)yy - Il)xx)]y (14)
1 4
Jy =Yy + Re [#(I/)yy - I/)xx)]x T Re [l“ljxy]y (15)
1
l/)ny - way = E [Hxx + Hyy] (16)
_ 1 Ec 2 2 RHEC [ 172 2
WyTe = WuTy = o [Tex + Ty + on [4(‘/)xy) + (Vyy — txx) ] ok, [HE + H3] an
© = —(Yux +1yy) (18)
H? 1 2 Py,
J=p+ Ry +5(F +93) - (19)

Because we're looking for a solution to the system of equations (14 — 17) in which the vorticity distribution is proportional to
the stream function perturbed by a sine stream, the pressure p is calculated using equation (19) after the system of equations
(14 — 17) is solved. As a result, we generate.

Type — I: When Vorticity Distribution Perturbed by Sine Oscillation

Yyx +Pyy = K[ — Usin(ax + by)] (20)
Where, K,a,b # 0,a # b & U are real constant. On defining a new function
Y =y — Usin(ax + by) 2n
We call it perturbed stream function and employing equation (19), equation (18) becomes
w=-KY¥ (22)
Equation (14) & (15), utilizing equation (21) & (22) becomes
Jx = KTWZ] +a K UW cos(ax + by) + M, (23)
X
Iy = KTWZ] +bKUW cos(ax + by) — ;:—5 ['ny — Uabsin(ax + by)]y + M, 249
y

Where,
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M= %[ 1{¥yy — Pex + U(a? — b?)sin(ax + by)}]
Equation (23) & (24), using on the integrability condition J,, = J,, provide motion
M,y — M,,,, + UKcos(ax + by)(b¥, — a‘Py) - é [u(‘l’xy — Uabsin(ax + by)]yx =0 (25)
Equation (25) illustrates the heat transfer motion of a finitely conducting incompressible fluid with variable viscosity in the
presence of a transverse magnetic field. For this heat transfer motion to take place, the function ¥ and viscosity u must satisfy

certain conditions, An analogy can be made by contemplating vorticity distribution relational to the flow function flustered by a
sine stream. Equation (21) is formed by combining Equation (15) and (16) results in the following equation:

[¥, + bUcos(ax + by)|H, — [¥, + aUcos(ax + by)]H, = Ri [Hyx + Hyy (26)
2
[‘Py + b U cos(ax + by)] T, — [¥ +aUcos(ax — by)] T, = ﬁ [Txx + Tyy] + %u X [4— (ll’xy — Uabsin(ax + by)) +
2
('I’yy — ¥ + U(a? — b?)sin(ax + by)) ] + E;ﬁ [HZ + HE] (27)
Equation (20) employing, equation (21) becomes.
Pex + ¥y — K¥ = U(a? + b¥sin(ax + by) (28)
The transformation variable is introduced as follows:
E=ax+ by 29)
The equations (25 — 28) are transformed by introducing a new independent variable, &,
B lp{f —AY = Usinf - (30)
[ e Pr
= arro e = 0, Heg = 0, & Tyg + EcPr ph?(a® + b%) W2 +—1— HZ=0 (31)

3 Exact Solutions

We consider three specific cases in this portion to show some exact results to the equations (30 — 31):

Casel: A=-n%? n>0

Casell: A=m?> m>0

Caselll: 4A=0

The solution of the equations (33 - 34) is now considered independently for each case. Our technique is to first get ¥ from

equation (33) and then apply to find u, H, T, u, v and p from the of equations (19), (31) & (21).
Case |

When considering this particular instance, the physical-plane solution of equation (30) is given by
¥ = Ayysin(n(ax + by) + Ajp) + W (32)
where A;, and A, are constants. Equation (31) using (32) gives
_ Aqz(ax+by)+Aq,
Ausin(n(ax+by)+A12)+7U5iﬁ(2a_x;by) (33)

where A;, and A;, are constants. The solution of equation (31) is

H = A;s(ax + by) + Ase (34)
where A,s and A, are constants. Equation (31), using equations (33) and (34), becomes
Tee + ECPrA?(a® + b2)(A3€ + AW + REErRedis _ (35)

Ro
the solution of equation (38)

T = % [A15 {411 (%2 — 1) {n (ax + by) sin (n(ax + by) + A)+2cos(n(ax + by) + A;2)} + ndU{(ax +
by) sin(ax + by)+2 cos(ax + by)}} + nd;4{A;1(n? — 1) sin(n(ax + by) + A;5)+n? U sin(ax + by)}] — %}:RM%S (ax + by)? +
A17(ax + by) + A18 (36)

where A, g is constant.
Here we use, Stream function i
Y = Aqgsin(n(ax + by) + Ap) + w (37)
It denotes a sin stream sin(n(ax + by) + A;,) in the +ve x-direction, as well as trepidation that is periodic in both the x and

v directions, velocity distribution and pressure components are:

bn?Ucos(ax+by)
o1 (38)

u = nbA cos(n(ax + by) + Ap) +
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an?Ucos(ax+by)

(39
n?- 1

p= z(nz—’im [2411{(n? — 1)?4;;sin?(n(ax + by) + Ay,) + U{cos(n(ax + by) + A;3)X cos (ax + by) + n sin(n(ax + by) +
Aq,) sin(ax + by)} — n U {sin(n(ax + by) + Ay,) sin(ax + by) + n cos(n(ax + by) + Ay;)cos(ax + by)}}+n U?sin(ax + by)] —
nHat+bh) [ bU {(n? — 1A sin(n(ax + by) + Ay,) + Usin(ax + by)} + ! {(n? — 1A cos(n(ax + by) + A;) + nU cos(ax +

v = —nadcos(n(ax + by) + Ayy) —

n?-1 a_Re 2(n?-1)
2
bY)Y] = Ry =+ Ao (40)
where A4 is constant.
Case Il
In this case
7 Bllem(ax+by) + Blze—m(ax+by) _ Usin(¢21x+by) (41)
me+1
Equation (31) utilizing (41) gives.
§= Biz(ax+by)+Bq, (42)

_ Usin(ax+by)
Bllem(ax+by)+Blze m(ax+by) _ T

The solution of Equation (31) is
H= Bls(ax + by) + BlG (43)
Equation (31), using equations (42) and (43) becomes

2
Teg + EcPrA?(a? + b2)(Bysé + Byy)¥ + ~4-02s

=0 (44)
the solution of equation (44) is

EcPrA%(a?+b?) _
% [By3{(m? + 1){B;,e™@**DY) (2 — m (ax + by)) — By, ™DV x (m(ax + by) + 2)} — m3U{(ax +

by) sin(ax + by) + 2co s(ax + by)} — Bygm x {(m? + 1)(B,,e™@**2) 4 B,, e “m@¥*+b3)) + m2Usin(ax + by)}}] —
2
%;UREB“ (ax + by)? + By;(ax + by) + Byg (45)
where B;g is constant.
Here we use Stream function y
sin(ax+by)

_ m2U.
l,[) — Bnem(ax+by) +B12€ m(ax+by) + e

T =

(46)
A hyperbolic (sine or cosine) stream B;,e™(@**+b¥) 4 B, e~™ (@x+by) jn the +ve x-direction, as well as a agitation in x and y, are
represented in this situation, the component of velocity distribution and pressure is given by the expression

2
u = mbB,,e™@**bY) _mpp,,e~mlax+by) L I Ub::;ialx’rbw (47)
2
v = —maB,,e™@**bY) 4 mgB, ,e~max+by) _ %}i’”m (48)

=% __[B,em@+pY){(m? + 1)2B,,e™@X+Y) — 2mU{m sin(ax + by) — cos(ax + by)} + 2m?U{sin(ax + by) +
P = smze)e

mcos(ax + by)}} + mBize‘m(a’C’“by){(mz + 1)Bye™@x+by) _ 217 x {cos(ax + by) + sin(ax + by)} + 2mU {sin(ax + by) —

mcos(ax + by)}} — m?U?cos?(ax + by)] + %;bz) [:TE] {(m? + 1){By,e™@+bY) 4 B, e~max+bN)} — [sin (ax + by)} —
2 2
~{(m? + 1){By,e™ @+ — B @Y 4 myY | — Ry L+ By (49)
where B;,4 is constant.
Case Il
In this case
Y = (4 + (ax + by)Cy, — Usin(ax + by) (50)
_ Ci3(ax+by)+Cyy
n= C1,+(ax+by)C,,—Usin(ax+by) (51)
H = Cis(ax + by) + Cq4 (52)
T = —%&am [Cis{(ax + by)3(2C11 + (ax + by)Cy,) + 12U X {(ax + by)sin(ax + by) + 2cos(ax + by)}} +
2C4{(ax + by)? x (3Cy1 + (ax + by)Cy, + 6Usin(ax + by))}]—%(ax + by)? + (ax + by)Cy7 + Cqg (53)
where Cy1,Cqp covvev e C,g, are constant, A = 0.

Y = Cyy + (ax + by)Cy, (54)
Velocity distribution and pressure components are:
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w = bCyy (55)
v = _aC12 (56)
P= % [K{2Cy1(ax + by) + Cip(ax + by)? + 2U cos(ax + by)} — (a® + b?)Cy5] + Cig (57)

where C,4 is constant.
Type I1: When Vorticity Distribution Perturbed by Cosine Oscillation

When a cosine stream disrupts the vorticity distribution of equations (14 — 17). Therefore, we established:

Yyx +Pyy = K[ - U cos(ax + by)] (58)
Where K,a,b # 0, a # b, as well as U are constant. Applying disturbed stream function as
¥ =9y —Ucos(ax + by) 59)
and employing equation (58), the equation (18) develops
w=—-K¥ (60)
Equation (14) and (15), utilizing equation (59) and (60) develops
Jx = [KTWZ] —aK¥Usin(ax + by) + M, (61)
Iy = [%]y — bKWUsin(ax + by) — % [u{®yy - Uabcos(ax + by)}]y + M, (62)

Where M = é [ {¥yy - Pex + U(a? — b?) cos(ax + by)}]
equation (61) and (62), on using the integrability condition J,, = J,, provide
My — My, + UKsin(ax + by)[a¥,-b¥,| — % [4{(#,y - Uabcos(ax + by)}]yx =0 (63)

Considering a transverse magnetic field and a fluid with variable viscosity that moves with heat transfer and has a vortex
distribution proportional to the perturbed cosine stream function, it is crucial that the function ¥ and viscosity u satisfy equation
(63). The following equations can be obtained by combining equation (16) and (17) with equation (59):

['Py — b Usin(ax + by)|H, — [¥, — a Usin(ax + by)]H, = é [Hex + Hyy] (64)
[le — b Usin(ax + by)| T, — [¥, — a Usin(ax + by)IT, = @ (Tex + Tyy) + %u X [4{4’,0, - Uabcos(ax + by)}]2 +
[ley - ¥ +U(a® - b?) cos(ax + by)]2 + % [H,E + Hf,] (65)
equation (58) employing, equation (59) becomes
Yor + ¥y — K¥ = U(a? + b?)cos(ax + by) (66)
Introducing the change variable such as
& =ax + by (67)
Taking the equations (63 — 66) and converting them into new independent variables, we get
Wee — AY = U cosé (68)
Where,
=5 (UWW)er =0, Her = 0, Tee + EcPruW?A2(a? + b2) + B8RP p2 — (69)
(az + bZ) ’ 113 , HEE 13 u Ry 3

In this section, we consider the following three cases when presenting some exact solutions to the system of equations (69).
Casel: 4=-n? n>0

Casell: A=m? m>0

Caselll: A=0

Consequently, we will analyze each of these scenarios individually and compute the solution for equations (69). Our approach
is to initially obtain the value of ¥ from equation (68), which we can subsequently utilize to determine the solutions for
H,T,y,u,v, and p through the system of equations (69), (59), and (60), respectively (19).

Case |

The physical plane solution of equation (68) is

Y = A, sin(n(ax + by) + A,,) + %ﬁrfm (70)

where A,, is constants. Equation (69) utilizing (70) gives
_ Azz(ax+by)+As, (7 1)

H= A21sin(n(ax+by)+A22)+%
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where A,, is constant. The solution of equation (68) is
H= Azs(ax + by) + A26 (72)
Where A, is constant. Equation (69), using equations (71) and (72), becomes

RHECPTREH§

Tff + ECPTAZ (a + b2)(A23§' + A24)lII +
The solution of equation (73)

(73)

__ Ec PrA*(a®+b?) 2 . 3
T = T e R [A33 {A2:(n? — 1) {n (ax + by) sin (n (ax + by) + A;) + 2 cos(n(ax + by) + A,,} + n*U{(ax +
by) cos(ax + by) — 2 sin (ax + by)}} + nd {4, (n? — 1) sin(n(ax + by) + A,,) + n?U cos(ax + by)}] — % (ax + by)? +
A27(ax + by) + Azg (74’)
This case is represented by the following stream function

Y = Ayysin(n(ax + by) + Ayy) +( o 1) cos(ax + by) (75)
It represents a sine stream sin(n(ax + by) + A,,) in the +ve x-direction as well as a perturbation that is again periodic in

x and y. The velocity distribution and pressure are presented by
bn2Usin(ax+by)
n?-1

(76)
nZ-
v = —nady cos(n(ax + by) + Ayy) + %}TW 77

u = nbAy cos(n(ax + by) + Ayy) —

p= m [421{4,1(n? — 1)2sin?(n(ax + by) + Ay,) + 2nU{n sin(n(ax + by)+4,,)cos (ax + by) — cos(n(ax + by) +
Ay,) sin(ax + by)}} —n2U{2{sin x (n(ax + by) + A,,) cos(ax + by) — n cos(n(ax + by) + A,,)sinx(ax + by)} —
Usin?(ax + by)}] — % [% {(n? — 1) x 4ysin(n(ax + by) + A,,) — Ucos(ax + by)} + %{(n2 — 1A, X
cos(n(ax + by) + A,,) — nU sin(ax + by)}?] — Ry HTZ + Ayg (78)
where A, is constant.
Case Il

In this case, we have

Ucos(ax+by)

Y = 321em(ax+by) +Bzze—m(ax+by) _ (79)
- age = m2+1 -
where B,; and B,, are constants equation (69) utilizing (79) gives
0= Byz(ax+by)+B;, (80)

— Ucos(ax+by)
321em(ax+by)+322e m(ax+by) _ Py

where B,; and B,, are constants. The solution of equation (68) is
H= st(ax +by) + BZG (81)
where B, and B,¢ are constants. Equation (68), using equations (80) and (81) becomes.
Teg + ECPTA?(a? + b?)(Bysé + By W + ELTRMEs — (82)
The solution of Equation (82) is
T = Eebrdalibt) [323 {(m2 + 1){By1e™@* ) (2 — m(ax + by)) — Bye ™DV x (m (ax + by) + 2)} — m®U {(ax +

m3(m?+1)
by) cos(ax + by)) — 2sin (ax + by)} — Bz4m{(m2 + 1)(821em(a"+b3’)+Bzze‘m(ax+by)) + m2Ucos(ax + by)}}] -
2

%TB” (ax + by)? + By;(ax + by) + Bag (83)

where B,, and B,g are constants. For this case stream function
— m(ax+by) —m(ax+by) 4 ™M *Ucos(ax+by)

Y = Byqe + By,e + ) (84)
It represents a hyperbolic (sine or cosine) stream B,,e™@**bY) 4 B, =™ (ax+by) in the +ve x-direction as well as a agitation
is again sporadic in x and y. Pressure and velocity components, is given by
m?2U b sin(ax+by)

u =mb By, e™aXtby) _ iy p B, e~mlax+by) _ — (85)
, me
v = —m a By, e™@XtbY) 4 1y g B, e~mlax+by) 4 M UASIRAXTOY) Ua:rz:fiﬁb” (86)

p= m [B1e™@x DN, | (1 + m?)2e™@x¥+bY) — 2mU{sin(ax + by) + mcos(ax + by)}+2m?U{cos(ax + by) —
msin(ax + by)}} + 2By,e ™ EHI((1 + m?)? + mU{{sin(ax + by) — mcos(ax + by)} + m?U{cos(ax + by) +

msin(ax + by)}}+m2Uzsin2(ax +by)] + %[ {a+ mz){em(“"+by) + em@+bNY _ycos(ax + by)} —
2(1+m2) {(1 + m){em(ax+by) — e‘m(“"“’y)}—mUsm(ax +by)}?] = Ry - L By (87)

where B,q is constant.
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Case Il

Here, we have

Y = (Cy, + (ax + by)Cy, — U cos(ax + by) (88)
_ Cy3 (ax+by)+Cyy

= Cy1+(ax+by)Cy,—U cos(ax+by) (89)

H= Czs(ax + by) + CZG (90)

EcPrAz(a +b?)

T = [Cas{(ax + by)3(2Cy, + (ax + by)Cyy) + 12U X {(ax + by)cos(ax + by) + 2sin(ax + by)}} +
2Cy4{(ax + by)2 X (3Cy1 + (ax + by)Cy, + 6Ucos(ax + by))}] — % x (ax + by)? + (ax + by)Cyy + Cpg 91)
where C,4, Cy5 ... ... ... Cog are constants,
Y = Cay + (ax + by)Cp; (92)
The factors of velocity and pressure, are granted by
u= bsz, v = —asz (93)
p = Cyk <C1(ax +by) + (ax+by)*Css _ Usin(ax + by)> MC22 RH + Cy9 94

Where, C,q4 is a constant.
4 Result and Discussion

The present study focuses on obtaining exact solutions for the heat transfer and steady plane flow equations. These solutions are
obtained by solving the equations, and the study reveals a proportionality relationship between the vorticity distribution and the
stream function. A proportionality relationship was found between the vorticity distribution and the stream function, which was
perturbed by an oscillating stream of the form V2 = K[y — Usin(ax + by)] or V?y = K[yp — Ucos(ax + by)]. To better
understand the physical aspects of the obtained results, a number of graphs were created and included in this study. The focus of
this work was to identify and quantify the differences between the velocity profiles u(x,y) and v(x,y) of Plane flow that is
steady for Heat transfer occurs between incompressible fluids of variable viscosity in one direction on a plane. The vorticity
distribution was found to be proportional to the stream function perturbed by a sine oscillation, and the velocity components
u(x,y)and v(x,y) were analyzed for Case-l (A = n?) and Case-ll (A = —m?) respectively. In this section, we show the
graphs of the velocity profile u(x,y) and v(x,y) have been drawn against x and y for different values of emerging parameters
of interest a,b,n, and U. Keeping things simple, all graphs are plotted by taking, A;; =1, A;, = 2, B;; = 0.0002 B;, =
0.0003,a=2,b=3,n=2, and U = 1 and using computational software Mathcad. Figure. 1 to Figure. 8 is for case-I and
Figure. 9 to Figure. 16 are for case-1l. All Figure.1(a) to Figure.16(a), for the velocity components u(x,y)and v(x,y) are
considered as a function of “x” only and “y” treat as constant and it is “y = 1 or 2”. All Figure.1(b) to Figure.16(b), In the case
of velocity components u(x,y) and v(x, y) are treated as a function of “y” only and “x” assume that is constant and it is “x =
1or2”.

Case-1: In Figures 1 and 2 depict the velocity components u(x, y) and v(x, y) at three different values of parameter "a". As "a"
increases, both components exhibit an increase in amplitude. Furthermore, the absolute values of u(x, y) are larger than those of
v(x,y) in all graphs. Figures 3 and 4 illustrate the effect of parameter "b" on the two velocity components. The first component
u(x,y) increases with increasing values of "b" while the second component v(x, y) remains unaffected by changes in "b". The
impact of parameter "n" on the fluid motion is shown in Figures 5 and 6, which reveal that even small variations in "n" can
significantly affect the amplitude of both velocity components. Finally, Figures 7 and 8 demonstrate that the amplitude of both
velocity components u(x, y) and v(x, y) is an increasing function of the parameter "U". This suggests that changes in the value
of "U" can substantially affect the motion of the fluid.

Case-11: In Figures 9 and 10 demonstrate the effect of parameter "a" on the fluid motion. The two velocity components exhlblt
opposite behavior as "a" changes: the velocity component u(x,y) increases as "a" increases, while v(x,y) decreases as
increases. Figures 11 and 12 illustrate the influence of parameter "b" on the fluid motlon which has a similar effect on the proflles
of both velocity components as parameter "a". Figures 13 and 14 depict the behaviour of parameter "m", which qualitatively
resembles the effects of parameters "a" and "b" on the fluid motion. Both velocity components are increasing functions of
parameter "n". Finally, Figures 15 and 16 provide the profiles of the velocity components u(x, y) and v(x, y) for different values
of parameter "U". The velocity component u(x, y) increases as U increases, while v(x, y) decreases as U increases. All figures
in this study use Sl units for the material constants, which provides a standard framework for comparing the results of this study
with those of other studies and for making predictions about the behaviour of the fluid in real-world applications.
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Figure 1. Profiles velocity field u(x, y) for viscous fluid given by equation (38), for A;; = 1,4,, =2,b=3, n=2,U=1
and various values of a.

V()

X
(a) )

Figure 2. Profiles velocity field v(x, y) for viscous fluid given by equation (39), for A;; = 1,4, =2, b=3,n=2,U =1
and various values of a.
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Figure 3. Profiles velocity field u(x, y) for viscous fluid given by equation (38), for 4;; = 1,4,, =2, a=2,n=2,U =1,
and various values of b.
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Figure 4. Profiles velocity field v(x, y) for viscous fluid given by equation (39), for 41, = 1,4, =2, a=2,n=2,U =1,
and various values of b.
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Figure 5. Profiles velocity field u(x, y) for viscous fluid given by equation (38), for A;; = 1,4, =2, a=2,b=3,U =1,
and various values of n.
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Figure 6. Profiles velocity field v(x, y) for viscous fluid given by equation (39), for 4,; =1,4,, =2,a=2,b=3,U=1
and various values of n.
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Figure 7. Profiles velocity field U(x, y) for viscous fluid given by equation (38), for A;; = 1,4, =2,a=2,b=3,n =2,
and various values of U.
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Figure 8. Profiles velocity field v(x, y) for viscous fluid given by equation (39), for 44; = 1,4;, =2,a=2,b=3,n=2
and various values of U.
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Figure 9. Profiles velocity field U(x, y) for viscous fluid given by equation (47), for B;; = 0.0002, B;, = 0.0003, b =3,
m = 2, U =1 and various values of a.
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Figure 11. Profiles velocity field U(x, y) for viscous fluid given by equation (47), for B;; = 0.0002, B;, = 0.0003, a =
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Figure 12. Profiles velocity field v(x, y) for viscous fluid given by equation (48), for B;; = 0.0002, B, = 0.0003,a =
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Figure 13. Profiles velocity field U(x, y) for viscous fluid given by equation (47), for B;; = 0.0002, B;, = 0.0003, a =
2,b = 3,U = 1, and various values of m.
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Figure 14. Profiles velocity field v(x, y) for viscous fluid given by equation (48), for B;; = 0.0002, B;, = 0.0003, a =
2,b = 3,U =1, and various values of m.
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Figure 15. Profiles velocity field U(x, y) for viscous fluid given by equation (47), for B;; = 0.0002, B, = 0.0003, a =
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Figure 16. Profiles velocity field v(x, y) for viscous fluid given by equation (48), for B;; = 0.0002, B;, = 0.0003, a =
2,b = 3,m = 2, and various values of U.

Overall, the graphs presented in this study provide valuable insights into the behaviour of fluid flow and highlight
the importance of various parameters in determining the motion of the fluid. The findings of this study are expected
to have important implications for future research in this area.

5 Conclusion

This research investigates the movement of an incompressible fluid over an infinite plane in the presence of a magnetic field and
heat transfer, with varying viscosity and finite conductivity. Two general solutions are derived for the vorticity distribution
proportional to a perturbed stream function, one with an oscillating stream in the form of V?y = K[y — Usin(ax + by)], and
the other with an oscillating stream in the form of V2 = K[y — Ucos(ax + by)]. To obtain exact solutions, the fluid equations
are first stated in terms of the stream function, vorticity function, and generalized energy function J. An equation that must be
satisfied for the flows under consideration is determined by applying the integrability condition on the generalized energy
function J and the perturbed stream function and viscosity. Solutions are obtained using a transformation variable that converts
all governing equations into simple linear ordinary differential equations that can be solved. The exact solutions are obtained for
variables u,v,y,u, H,T, and p when represented in terms of elementary functions that fulfill all governing equations and
compatibility requirements /., = J,» (Pxy = Dyx). The solutions in case-I represent a sine stream with an interrupted in x and y,
while the solution in case-11 generally symbolizes a hyperbolic (sine or cosine) stream with an intervallic perturbation in x and
y. When B,; = 0 in the solution of case-II, the solution represents an exponential flow in the region x > 0,y > 0 perturbed by
a part that swings as x and y increase. A discussion of the impact of numerous considerations on the velocity components u(x, y)
and v(x, y) is also presented.
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