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1 Introduction

Every day is presenting the best outcomes in the field of fluid dynamics for research purposes which brings
lots of ease in the engineering field as well in daily life. Not only in daily life but as well as in industrial
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areas fluid is the most important asset which can be defined as “any material that deforms under the
action of the shearing force” there are two important brands of fluid acknowledged as Newtonian and
non-Newtonian. Non-Newtonian fluids behavior is nonlinear with shear stress and rate of deformation[9,
111.The viscosity of the fluids varies when force is applied that's the reason it does not obey the law of
viscosity. Not every fluid can possess all characteristics of non-Newtonian but there is a class of viscous
and elastic fluid known as “n” ordered fluids, these are classified according to the order of truncation in
their assumption Second-grade fluid, which is associated with second-order truncation, is an exceptional
subclass. Although a second-grade fluid model exhibits normal stress impacts for constant flow, it appears
to lack the shear thickening or shear thinning property that too many fluids have[1, 7]. Third-order fluid
belongs to this family but has strong viscous and elastics characteristics which are the main cause of its
great attention to a mathematician.

This manuscript contains third order fluid model due to its plentiful applications in industries such as
chemical, bio-medical, pharmaceutical, petroleum industry, water management distribution, and supply[2,
8, 10].Third-order fluid problems produce strong nonlinear partial differential equations for such equa-
tions no exact or numerical technique is suitable. Here perturbation method is utilized to attain the ana-
lytical solution considering the slip condition[5, 16]. Slip condition is used for viscous fluids where a solid
boundary fluid has some velocity.

Mooney conducted one of the first investigations of the slip at the wall, observing that when the stress
surpassed a particular amount, the flow curves (shear stress vs nominal shear rate) of various fluids
changed with the radius of the capillary. He deduced that slip was occurring near the wall and proposed
an approximate method for calculating the slip velocity. The Mooney approach, sometimes known as the
Mooney method, is still commonly used to determine slip velocity [14, 17].Here itis assumed as V; = -1
at r = R because flow of fluid is normal to bottom of tank and is due to hydro-static pressure and grav-
ity. Series solutions are obtained for the arising differential equations with slip boundary conditions and
switching (e = % = 0), we compare results of third order fluid with Newtonian fluid correspondingly slip
with no slip boundary conditions[4, 18].Likewise terminologies for velocity distribution , average velocity,
flow-rate, and time efflux and time depth of the mass relation are calculated.

2 Governing Equations

The essential equations leading the motion of an in-compressible fluid, neglecting temperature influences
and body forces, are provided as:
vV.V=0 (1)
DV
pb+V.S5-Vp= P bt (2)
Here V characterizes to velocity vector, b be the body force, s represent to extra stress tensor, dynamic
pressure is denoted as p and % implies to total derivative which is one and the same (equal) to % +HV.V)V
relative the convective derivative and the local derivative.The extra stress tensors that describe third-order
fluid models are specified by,

3
S=Ti (3)
i=0
where

Ty = pAq (4)
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Ty =aiAy + 042/“% (5)
T3 = B1A3 + B2(A1Ay + ArA1) + B3(tr(A)A; (6)

where p is the coefficient of viscosity and a4, ay, 81, 82 and B3 are material constants. The Rivilin-Ericksen
tensor, A, are defined by

DA
Ap = D—"f +(VW) A +A4(VY)  1<n (7)

3 Problem Formulation

Consider a cylinder-shaped tank comprising of 3rd order, isothermal and in-compressible fluid. The diam-
eter of the pipe that connects the tank’s center and bottom most is d; radius of the tank is pretend to be
Rr. At beginning, the fluid deepness in the tank is Ho.The fluid within the tank is drained via a pipe with a
length of L and radius of R. Likewise; assume that the distance from the top to the bottom of fluid in the
tank for all time tis H(t). The route of fluid flow is directed towards hydro-static pressure and gravity of the
fluid within tank. The velocity profile, flow rate, average velocity, mathematical relationship between the
draining time and depth of the fluid in the circular tank for total drainage of the fluid, the time of efflux for
third-order fluid is going to be found. In this case we will use r, 6, z as cylindrical coordinates with the r-axis
perpendicular to the axis of pipe and pipe’s axis is along to the z-axis in the upright direction. After then,
the fluid flow is exclusively in the z-axis direction. The components of velocity vector v in the direction of
r and 6 are both zero, therefore velocity field and shear stress can be assumed as:

V = [O: 0: Vz(r: t)] = [Vf'l VO: VZ]IS = S(r:t

~

(8)
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Figure 1. Tank drainage flow down via a round pipe [12]

By using Eq.(8) equation of continuity Eq.(1) is satisfied identically from Eq.(2) and Eq.(3) resulting compo-
nents of momentum equation Eq. (2) are the form of:

r- component of momentum:
_ 3p + 1 8(”7’,’[)

ot r or

9)
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6 - component of momentum
0=— (10)

z -component of momentum
Nz _ _Op 10Um)

P ot 0z r Or
components of extra stress tensor will be

(11

Tor = Trg = Tz0 = 792 = T = 0 (12)

e (3 s (8 () ) (58) o
Trz = Tar = (%f) + o (gi;) + B4 ((,%) +2(8; + B3) (8;;)3 (14)
e () 2 (355)

The velocity of the pipe flow remains almost constant throughout time due to very very slow draining,
therefore time derivative have been ignore in the comparison of spatial derivatives.Flow of the fluid is in
the direction of gravity and hydro-static pressure through pipe of radius R.Entrance and departure of the
pressure at the pipe are Self governing [15]. Consequently

dp _p2-p1 _ _pgH®)
az L L (18)

the equation of the motion Eq.(11) therefore reduces to, after substituting the value of 7,z and the value
of % from Eq.(18), after simplification , we acquire

2 2 52 3
B (HO L v v 26548 [ (00 v (v 19
I L or2  or I or ar? or
For the proposed problem corresponding (center line) and slip boundary conditions are respectively:
_ ovy _
r=o, 2. (20)
r=R, Vz=-f (21)

4 Perturbation solution of the Problem

Let's Suppose ¢ = % is a important parameter so that the the velocity profile v,(r, €) is expressed using
a power series defined as[6]:
VZ(r, €) = vo(r) + eva () + *va(r) - - (22)

The set of problems given below at the same time their related boundary conditions are originated plug-
ging Eq.(22) into Egs.(19-21) and equating coefficients of related powers we have.
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4.1 zeroth order problem

0. _rgr (HO .\ _ 0% v
O u(L #1) =S 2 (23)
%w, r=0 (24)
ov,
Vo = —B,ua—ro, r=R (25)

4.2 First order problem

0%vy v o\ 2 02V, o\ >
1.0= 1 1 o o o
e :0=r o2 + o +2 [3r (8r ) o2 + <8r ) (26)
dV1 _ _
v 0, r=o (27)
_ ovy Vo 3 _
V1—ﬂu[ar+2(8r)], r=R (28)

4.3 Second order problem

% =0, r=0 (30)
vzz—ﬁﬂlaavrz+6<aavro>2%vr11, r=R (31)

The Zeroth order solution of Eq.(23) while imposing boundary conditions from Eq.(24) and Eq.(25) is
vo= P (HZ(? D [ﬁR + 217 G rz)] (32)

First-order solution, Replacing the zeroth order solution from equation Eq.(32), into Eq.(26) and subject to
conditions Eq.(27) and Eq.(28) is given by

3g3 THY) .17
28 [ P

Replacing the zeroth and first order solution into Eqg. (33) and subject to conditions from equations Eq.
(30) and Eq. (31) the Second-order solution is given as

99585 [HO . .1° 6 6
V2_144M5 [L+1] (R°=-r°) (34)

In resultant the perturbation method is utilised, Solution is corrected up to second order.

_ pg(HO + 1) 10 N, e’ [H) 1% 4 pa, 920°8° [HI) , 117 6 6
vz = o [IBR+2AL(R —r)}+ 16,3 [L+1} (r*-RrRY+ 1245 {L-”} (R°-r°) (35)
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4.4 Flow Rate

The flow rate per unit width is obtained by the formula;

2r R R
Q= / / rvy(r, t)drdo = / 2mrvy(r, t)dr (36)
0 Jo 0

It is worthwhile to Calculate the flow rate, by using the equation of velocity profile Eq.(35) into Eq. (36).

_ pgm (HO + 1) 3, pa) _ °83TRE (H) . \? ., 3¢2p°8°mRE (H() | . \°
Q 8L (451R% +R%) a3 \ L) T eas Lt (37)
4.5 The Average Velocity
The average velocity's Formula is defined as.
V= % (38)
in the consequence of applying Eq. (37) to the fluid going down the pipe, the average velocity is
o _ pgm (H(R) + 1) 2\ g TRY (HIY) L\, 3¢2p°8%aRC (HE) | . \°
v 8ul <4ﬁ,uR+ R ) 2443 L e 64.° L 1 (39)
4.6 Mass Equilibrium
The mass balance of the Complete tank is[13]
d
= (nR3H©) = -Q (40)

Putting flow rate ignoring second and higher order from Eq.(37) into Eq.(40) letter on separating variables
on both sides of the equation and the resulting mathematical form of the balance of the tank is

-1

252p3
aulLRZ + ep°8°R

203 pg(4ﬁpR3+R4)t
—_— -L 41)
) 36212 (45 + R

2
= o PERT
A <(H° 23 TR

4.7 The Time Depth Of The Mass Relation

Independent mathematical relation For the depth of the tank and time is given as follows[7]:

252 p3
5 2___ergR
. ( ~4uLR2 ) n ((HO+L) 3,2 L2(45,R) ) (42)
3 2 _ 2g2R3
g (4BMR +R ) (Ht) + L)% - m

The time required to complete drainage (Time of efflux) has been gotten while considering H(t) = 0 in
EqQ.(42)

4 LRZ 212 -2 _ _ 252P3
12 T )In <3M L (46,U/+R)(HO+L) €p-8 R ) (43)

t =

o (pg <4BuR3 + R4) 3u? (4B + R) - ep?g?R3
Remark: Taking e = 0 and 8 = 0 in Eq.(43), the Solution of the Newtonian fluid was obtained by Bernoulli's
equation defined in [3].

194



VFAST Transactions on Mathematics

18 LI
e T Ma
By e T -t -
o Sl ‘,; f/‘____:.\-‘::\
16 - 16 -;,’/:r-,. .“::\ N
’ ' iy * AN
- . B . “
14 - . - - - h 14 ',; 14/" ‘\‘ ,\“
A ~ — — ad " . ‘,,/‘, N
- 12 R - - -~ ~ \ = K73 “\\\
= sy ~ \\ v = 12 v N
. o7 S =-- oYW, o " “%“
'’ s e . . - Pl — 0=0.78 N,
’«’f - — Hif=16 N \\.‘ é" - p=0.76 ‘{‘
. . ) . 3
P - Hin=12 N gl - p=0.74 A
. o 7
Al H(1)=8 “N ’.f — p=072 .
2 ~
—4 -2 a 2 4 6 f ‘!
—4 -2 0 2 4
»
r

Figure 2. Result of H(t) on velocity field, when

p = 0.78g/cm? u = 11.5¢cP,R = 5cm,L = ) o
10cm, e = 0.0148 = 0.1 Figure 3. Influence of p on velocity distribution, when R =
5¢cm; = 11.5¢P; L =10cm; H = 20cm; e = 0.015 = 0.1
s0 T T Rt 100 et T "
™, - L=10 .
40 B 80 - L=8 kY
——— —_ % N - L=6 N
} - b ; _ ]
= 30 H -~ TG | = 60 — L=4 .
h-?' r: 4 N S E‘ H .“
20 :'/ ”'_—-"‘ ""-...h‘ \l“ 40 '.' o O‘.
.:f/”‘,—- """""" Ce—o1| Tt - e \‘" ; - o - - “‘
10}, .7 e=102 IO 018 £ e T LTI I~ L N
=03 7] o s Tt T e T,
0 — e=04 )
—4 -2 o 2 4 -4 -2 0 2 4
F r
. R ; ; TH 3, =
Figure 4. Influence of ¢ on velocity Field, whenp = Figure 5. effect of L on velocity profile,p = 0.78g/cm>, pu =

11.5cP,R =5cm,H = 20cm, e = 0.018 = 0.1

O.78g/cm3; R =5cm; u = 11.5¢P;L = 10cm; H(t) = 20cmpg
0.1

18 T
e i e,
16 e el g
RV TaaeY
—_ 12 R N _
= srde AN =
< 0y AN <
&0 o ’,:1' _ R=5 A &
' - R R
] ‘,},o:';' R=4 ‘\».‘
s - R=3 Y
1) A
sf — R=2 W
’f “\
4 K
-4 -2 0 2 4
r r
Figure 6. result of R on velocity field, when p = Figure 7. Consequence of u on velocity distribution, when

R =5cmcP,p = O.78g/cm3, H =20cm,L =10cm,e = 0.018 =
0.1

0.78g/cm3, ;u = 0.78g/cm?, L = 10cm, H = 20cm, e = 0.0183
0.1

195



VFAST Transactions on Mathematics

sfT T TT aamemmEeeel
30 o S AN
" e "‘
" / — “"‘h \‘
o ha \
a5 # - .
e -—— . +
# -~ - = - *
= - . “
= / - - -
Y 20 - ~ \
- / S emmmmmmeaa RN
- e BRRT b
15 P P — =01 .. \\
; ’ ‘»“' -~ g=0.2 . \
10 - =03
’ .
o — =04 ~
—4 -2 1] 2 4

Figure 8. influence of 3 on velocity field when, R = 5cm, p =

0.78g/cm3, L=10cm,H =20cm, e = 0.01

300
[»1]

200

v
M
I
¥

1

5 i1 ]

. ’

1 — H(r)=20 Y

\|‘ :f

\\“ - Hif)=15 K

W . ;

. \‘.l -- Hir)=10 :'I 2z

PR iy,

KR — H(1)=5 sl

v 4
‘! \“ ‘t'!/’t'
\‘{‘“, b o
»\\ ’;"/‘4
."'4-.., 4*‘4
-4 -2 0 2 4
R

Figure 9. Consequence of H(t) on flow rate while p
11.5cP,R = 5cm, p = 0.78g/cm>,H = 20cm,L = 10cm, e

0.018=0.1
20.00 e 200 Foy
5 ke, R o T
2 \\.ﬁ\\ . - ;‘q~-~‘
19.95 SO AN STIAIeL
h, ER I N a ey,
+ x + 199 - ~ ——
./ /" PR T - T
19.90 i1 ; Y ., - S,
EaLd /: kS \\ ‘\ ‘\"..~ - . "'*--n.-..
; . * - e
S ssp ity ARRY ~ 198 .. ~ o N
—_ =25 L] = -,
= 7 N Rp=15 s \ [ =] ‘w~. ~ s
1980} / ¢ - Rp=22 Yo — Rp=15 ., ~
: VA 19.7 . -
/ N -- Rp=19 Y 3 .. Rp=22 -.\‘ .
<
1973 :" — Rp=16 '.‘ \ - Rr=1% ‘N‘\
! 5 19.6 _ Rr= .
19.70 '.' A Rr=16 ..
L ‘ . Y e,
- -2 0 2 4 0.0 0.2 04 0.6 08 1.0
R t

Figure 10. result of Ry on depth of W.R.t R, when R
5cm, p = 0.78g/cm3, L=10cm,H =20cm, e =0.013=0.1

Figure 11. Consequence of Ry on depth W.r.t to t while p =
11.5¢P, p = 0.78g/cm3, H=20cm,L=10cm, e =0.013=0.1

‘-“-:_-I-—.::"'-r
20,00 = e 5 oo <
--l-en! 14 o;” - ™ “\‘“\
~&$. ~~ o e
“Ea, 12} = X
19.95 ROV o \‘;‘
RS to} o ¥
19.90 RS ] - i A
_ ::\\ . L sl ‘} ™
S — p=001 RO T o Y
19.85 - PR . 7 ; ¥
£=0.02 e, 6or —-stip H
- =003 b AN 4 ';‘ ;‘,

[T Y r ]

19.80 B=0.04 kN 4 ....No Slip %
3 o 4 %
Y &
19.75 kS olf t)
0 1 2 3 4 5 3 ) 0 2 4
R

Figure 12. influence of 8 on depth W.r.t to text Rwhen R =
5cm, 1= 11.5¢pp = 0,78g/cm 3,L = 10cm, H = 20cm, e = 0.01 11.5¢P,p = 0.78g/cm3H = 20cm,L = 10cm,e = 0.01R =
5cmpB = 0.1

Figure 13. Comparison of Slip and No-Slip when p

196



VFAST Transactions on Mathematics

20¢ L m T
-
4" ﬁ‘w
18} :" PR “\\
* *
a - - *.
16 R ” ‘\ s
"‘ ’ ~ *
™~ L ’ 4 LY
; 14 :4 ,/ Y
T A A
"oy R —-.3rd order v
4’ ’ » ‘\
wfp £ 7 Y
s 7 ~ . AT
A ---- Newtonian L
8t £f ]
+ L
3y k!
6pf . . LS
-4 -2 0 2 4

Figure 14. Comparison of Third-order fluid and Newtonian fluid for velocity field, when p = 11.5¢P, p = O.78g/cm3, H=

20cm,L=10cm,e = 0.01R =5cmp = 0.1

R Third Order Fluid Newtonian Fluid
0 20.4779 18.186

1 19.9864 17.6975

2 18.5744 16.202

3 16.2701 13.7093

4 12.5885 10.2197

5 5.733 5.733

Table 1. comparing third-order and Newtonian fluid velocity profile

5 Results and discussion

This section is all about for results of tank drainage containing in-compressible third-order fluid; pertur-
bation solution is obtained for the non-linear Partial differential equation with Slip boundary conditions.
the nature of the solution is purely analytic which only possible because the resulting partial differential
eqution is highely Non-Linear. The consequences of various components over the velocity distribution,
depth, and flow rate also has been explored. The impacts of depth, pipe radius, fluid density, pipe length,
dynamic viscosity, and slip parameter 3 on velocity distribution are shown in Fig. 2-8. Influence of depth
on flow rate is exposed in Fig. 9 further effect of radius of the tank with respect to R and time, slip pa-
rameter 3 on depth is inspected in Fig.10 - 12.Comparison of slip with no-slip boundary condition and
velocity profile of Newtonian fluid with third-order fluid's velocity profile is given graphically in Fig.13 and
14 respectively. It is observed from Fig 2 to 8 that including slip parameter if we're increasing all factors
on which velocity of third-order fluid is dependent so that in result the magnitude of velocity behaves as
directly proportion means it is increasing and while decreasing the factor on which velocity profile is de-
pendent decreases. Flow rate of the visco-elastic Fluid increases while there is increase in depth in Fig 9.
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r  Slip condition NO-Slip condition
0 15.3182 14.7449

1 14.8267 14.2534

2 13.4147 12.8414

3 11.1104 10.5371

4 7.42878 6.85548

5 0.5733 0

Table 2. comparison of Slip condition and No-Slip condition

For both cases depth increases means with respect to radius and time which are being plotted in Fig 10
and 11. Butin Fig 12 it is noticed that depth of the fluid decreases when slip parameter 3 increases. Com-
parative study of slip and no-slip are present in figure 13 as well as in table 2 from which it is concluded
that velocity profile of fluid with slip condition is higher than velocity profile of fluid with no-slip condition.
Comparison of third-order and Newtonian fluid's velocity profile is presented in Table 1 and Fig. 14 with
fixed parameters shows that the velocity profile for third order fluid is higher than Newtonian fluid.

6 Conclusion

Perturbation technique is considered to find out the analytical Solution of isothermal, in-compressible
and unsteady tank drainage flow for third-order fluid. Since the fluid seems to have some velocity at the
pipe’s walls, so that effect of Slip condition is analysed over velocity profile. From the analytic solution
various findings are given such as average velocity, depth, flow rate of fluid, mathematical form of Mass
equilibrium for complete tank and time of efflux". further mathematically relationship between time and
depth of the tank have been obtained, which shows how the time varies with depth of the fluid. from
the findings it is interesting that depth increases with respect radius and time. It's essential to reminder
that as higher the viscosity for third-order fluid, higher the velocity of third order fluid. It drains faster as
compared to Newtonian fluid means third order fluid posses higher velocity profile, also with slip condition
it flows faster as compared to no-slip condition which concludes that slip is more efficient than No-Slip.
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