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Abstract This paper investigates the fractional Oldroyd-B fluid flow across two
interminable coaxial cylinders, where the fluid’s motion is generated by the oscil-
latory movement of cylinders and the oscillating pressure gradient. The profile
of velocity and shear stress of the flow is derived with the assistance of Caputo
fractional derivative utilizing a analytical technique, finite Hankel transform and
Laplace transforms. The semi-analytical solution is then displayed as generalized
functions of G and R satisfying fundamental constitutive equations and all initial
and boundary conditions. To validate the results, some limitations have been im-
posed on the determined equations and the results have been contrasted against
previous results. Moreover, the influence of various parameters on the flow of
fractionalized Oldroyd-B fluid is investigated and depicted graphically.
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1 Introduction
Non-Newtonian fluids are an immensely employed fluid across the world; used across lengths and
breadths of research in medicine, industries and engineering, scholars posit special curiosity towards
the subject. The researchers, including [25] and [21] have investigated the subject of Oldroyd-B fluid’s
motion; courtesy of its extensive employment in engineering craft, the most renowned among the family
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of non-Newtonian rate-type fluids. A thorough analysis, concerning the time-dependence of viscous
Maxwell fluid’s motions across two oscillating coaxial cylinders, where the outer cylinder is retained
immobilized while utilizing integral transform has also been done by [9]. Further, some work has also
been undertaken by [2] on the unsteady movement of Generalized Maxwell fluids between two infinite
horizontal cylinders. A longitudinal and torsional investigation has also been instituted on conclusions
derived - employing Hankel and Laplace transforms – vis-a-vis behaviour postulated by second-grade
fluid among cylinders [5]. The rise in industrial applications of oscillating cylindrical geometries in the
consumer market has given rise to increased interest by research and development scientists across the
technological world. In these circumstances, an extensive appraisal of the generalized Maxwell liquid’s
torsional oscillatory motion in between two coaxial cylinders of circular shape is given in [23]. Some
common examples of the same are pneumatic valves, hydraulic valves and cylinder engines etc. On
account of non-Newtonian fluid’s non-linear behaviour, it becomes pertinent to adopt various numer-
ical and analytical approaches [19],[18],[13],[1],[10]. Among the assortment of methods available for
deriving solutions to such problems, fractional calculus is the most celebrated. Originally introduced for
application upon viscous-diffusion fluid mechanics systems constrained in bounds of time, the modern
era has expanded this technique’s approach to non-linear motion problems as well; this, resultantly,
not only gives solutions akin to the classical methods but also provides researchers with history too.
Making use of time-constrained fractional Caputo derivative, the works of [16] explore the behaviour of
fractional Maxwell fluids in rectangular channels. Some of the most famously used fractional derivatives,
as described in [20], [24], are Riemann-Liouville, Atangana-Baleanu, Caputo and Fabrizio, Caputo-Liouville,
and Caputo. This study resolves to administer Caputo fractional derivatives for the derivation of analytical
results of the shear stress and velocity profile, in the presence of an oscillating pressure gradient, of an
oscillating coaxial cylinder housing Oldroyd-B fluid.

2 Formulation of the Problem
Supposing that incompressible Oldroyd-B fluid between two interminable coaxial cylinders, having radii
R1 and R2 (R2 > R1), as provided below in Fig. 1 inspired by [9]. In this hypothetical situation, we assume
the coordinates of the cylinder as (r, θ, z), while keeping the r-axis and z-axis perpendicular and along the
cylinder respectively.

Figure 1. Problem Geometry [9]
Originally, cylinders are at a stationary position, whereas when an external time-dependent oscillating

pressure gradient is applied to the subject’s body, we observe movement in the fluid present inside the
body. The direction of flow in this circumstance is observed in θ–direction, however, the cylinders oscillate
accompanying their common axis.
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3 Basic Governing Equations
When gravitational force is ignored in the scenario, the equations that regulate the flow of incompressible
Oldroyd-B fluid are provided in [3]:

∇ · V = 0 (1)
ρ
DV
Dt = ∇ · T (2)

The velocity vector is signified by V , the constant density of the fluid is given as ρ, while T denotes the
Cauchy stress tensor. Relevant equations pertinent to the defined flow of Oldroyd-B fluid receive mention
in [3]:

T = pI + S, S + λ

[
∂S
∂t + (V · ∇)S – (∇V )S – S(∇VT )

]
= µ

{
A + λr

[
∂A
∂t + (V · ∇)A – (∇V )A – A(∇VT )

]}
(3)

In this scenario, the unit tensor is indicated by I, L stands for velocity gradient (per second), S signals extra-
stress tensor (with SI unit fixed at Newton per meter2), µ designates dynamic velocity (Newton second per
meter2), p signalling pressure (with Pascal as SI unit), while λmarks relaxation parameter and retardation
parameter identifies λr(0 ≤ λr < λ). The rate of deformation is provided as A = ∇V+∇VT . When the ordinary
differential operator is replaced by the fractional differential operator, eq. (3)2 becomes as follows [14],
[6]:

S + λ
[Dat S + (V · ∇)S – LS – SLT] = µ

{A + λr
[Dat A + (V · ∇)A – LA – ALT]} (4)

In this scenario, Caputo fractional differential operator is defined as Dat in [15]:
Dat h(t) =

 1
Γ(1–a) ddt

∫ t0 h(x)(t–x)adx 0 < a < 1
dh(t)dt a = 1 (5)

In the study undertaken presently, the motion has extra-stress S and velocity field V as in [23]:
V = v(r, t)eθ , S = S(r, t) (6)

Thus, motion’s directionwithin the cylindrical coordinate systemof r, z and θ is indicated by eθ. In every cor-responding flow of this sort, identical satisfaction exists in the continuity equation. As, both the geometry
and fluid are stationary at first, therefore the value of time is equal to zero, i.e

V (r, 0) = 0 and S(r, 0) = 0 (7)
However, motion in θ-direction in the inner cylinder is observed as soon as t becomes 0+, on account of
administered time-dependent pressure gradient, i.e:

∂p
∂θ

= –ρp0 sinωt (8)
Substituting eq.(6) in eq.(4) and (7)-(8), resultant mathematical model appears:

(1 + λDαt )τ (r, t) = µ(1 + λrDαt )
(

∂

∂r –
1
r
)
v(r, t) (9)

(1 + λDαt )∂v(r, t)∂t + 1
ρr (1 + λDαt )∂P∂θ = ν(1 + λrDδt )

(
∂2
∂r2 +

1
r
∂

∂r +
1
r2
)
v(r, t) (10)
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The non-trivial shear stress is τ (r, t) = Srθ(r, t), the kinematic viscosity is ν = µ
ρ fractional parameters are

identified as α and δ, in a manner so that, 0 ≤ δ ≤ α ≤ 1. Hence, the corresponding conditions (boundary
and initial) are:

v(r, 0) = ∂v(r, 0)
∂t = 0 (11)

v(R1, t) = ω1 sinβ1t and v(R2, t) = ω2 sinβ2t (12)
Where the amplitudes are notified by ω1, ω2 while respective cylinders’ frequencies are defined as β1, β2and r ∈ (R1,R2).

4 Velocity Profile
Plugging the Laplace transform defined in [4] on eq.(10) and (12), the following equation is achieved:

(s + λsα+1)v(r, s) – 1r (1 + λsα) P0ωs2 + ω2 = ν(1 + λrsδ)
(

∂2
∂r2 +

1
r
∂

∂r +
1
r2
)
v(r, s) (13)

v(R1, s) ω1β1s2 + β21
and v(R1, s) ω2β2s2 + β22

(14)
The finite Hankel transform is defined as [21]:

Hn{f (r)} = f̃ (κγ ) =
∫ b
a rf (r)An(rκγ )dr, b > a (15)

Where, An(rκγ ) = Jn(rκγ )Yn(aκγ ) – Yn(rκγ )Jn(aκγ ).Here positive roots of An(rκγ ) = 0 are denoted by κγ , while the first and second types of Bessel functions oforder n are signified, respectively, by Jn(.) and Yn(.), respectively. In this case, when wemake use of rAn(rκγ )in Eq. (13) as well as integration, it brings us to:
vH(κγ , s) =

[2
π

ω2β2s2 + β22
– 2
π

ω1β1s2 + β21
J1(R2κγ )J1(R1κγ

]
× ν(1 + λrsδ)s + λsα+1 + κ2γν + κ2γνλrsδ

+ P0ω(1 + λsα)[A1(R1κγ ) – A1(R2κγ )]
κγ (s2 + ω2) × 1

s + λsα+1 + κ2γν + κ2γνλrsδ
(16)

Where, A1(rκγ ) = J0(rκγ )Y1(R2κγ ) – J1(R2κγ )Y0(rκγ ) is given in [22]:The eq.(16) can be written in a suitable form as follows:
vH(κγ , s) = 2

πκ2γ
ω2β2s2 + β22

– 2
πκ2γ

ω1β1s2 + β21
J1(R2κγ )J1(R1κγ –

[ 2
πκ2γ

ω2β2s2 + β22
– 2
πκ2γ

ω1β1s2 + β21
J1(R2κγ )J1(R1κγ

]

× s + λsα+1
s + λsα+1 + κ2γν + κ2γνλrsδ +

P0ω[A1(R1κγ ) – A1(R2κγ )]
κγ (s2 + ω2)

× 1 + λsα
s + λsα+1 + κ2γν + κ2γνλrsδ

(17)

The Inverse Hankel transform is defined as [4]:
v(r, s) = π2

2
∞∑
γ=1

κ2γ J21(R1κγ )A1(rκγ )J21(R1κγ ) – J21(R2κγ )vH(κγ , s) (18)
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Employing Inverse Laplace transform on eq.(17) using eq. (18) and the following property:
R2(r2 – R21)(R22 – R21)r = π

∞∑
γ=1

J21(R1κγ )A1(rκγ )J21(R1κγ ) – J21(R2κγ ) (19)
The equation obtained is:

v(r, s) =
ω1β1s2+β21 R1(R22 – r2) + ω2β2s2+β22 R2(r2 – R21)(R22 – R21)r
+ π

∞∑
γ=1

J21(R1κγ )A1(rκγ )J21(R1κγ ) – J21(R2κγ )
ω1β1(s + λsα+1)

(s2 + β21 )(s + λsα+1 + κ2γν + κ2γνλrsδ)
J1(R2κγ )J1(R1κγ )

– π ∞∑
γ=1

J21(R1κγ )A1(rκγ )J21(R1κγ ) – J21(R2κγ )
ω2β2(s + λsα+1)

(s2 + β22 )(s + λsα+1 + κ2γν + κ2γνλrsδ)
+ π2
2

∞∑
γ=1

κγ J21(R1κγ )A1(rκγ )J21(R1κγ ) – J21(R2κγ )
P0ω(1 + λsα)[A1(R1κγ ) – A1(R2κγ )](s2 + ω2)

× 1
s + λsα+1 + κ2γν + κ2γνλrsδ

(20)

Using the following identity [7]:
1

s + λsα+1 + κ2γν + κ2γνλrsδ = 1
λ

∞∑
i=0

i∑
q=0

i!
q!(i – q)!

(
–νκ2γ

λ

)i
λ
qr sδq–i–1
(sα + λ–1)i+1 (21)

The eq.(20) takes the form:

v(r, s) =
ω1β1s2+β21 R1(R22 – r2) + ω2β2s2+β22 R2(r2 – R21)(R22 – R21)r
+ π

∞∑
γ=1

J21(R1κγ )A1(rκγ )J21(R1κγ ) – J21(R2κγ )
ω1β1s2 + β21

J1(R2κγ )J1(R1κγ )
× 1

λ

∞∑
i=0

i∑
q=0

i!
q!(i – q)!

(
–νκ2γ

λ

)i
λ
qr sδq–i + λsδq+α–i

(sα + λ–1)i+1

– π ∞∑
γ=1

J21(R1κγ )A1(rκγ )J21(R1κγ ) – J21(R2κγ )
ω2β2s2 + β22

× 1
λ

∞∑
i=0

i∑
q=0

i!
q!(i – q)!

(
–νκ2γ

λ

)i
λ
qr sδq–i + λsδq+α–i

(sα + λ–1)i+1 +
π2
2

∞∑
γ=1

κγ J21(R1κγ )A1(rκγ )J21(R1κγ ) – J21(R2κγ )
P0ω[A1(R1κγ ) – A1(R2κγ )](s2 + ω2)

× 1
λ

∞∑
i=0

i∑
q=0

i!
q!(i – q)!

(
–νκ2γ

λ

)i
λ
qr sδq–i–1 + λsδq+α–i–1

(sα + λ–1)i+1

(22)

Finally, while making use of the convolution theorem as well as the function Gl,m,n(c, t) [11], when the ap-plication of the Inverse Laplace transform on eq.(22) is done, a demonstration of the velocity field unfolds
as follows:
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v(r, t) =R1(R22 – r2)(R22 – R21)r ω1 sin(β1t) + R2(r2 – R21)(R22 – R21)r ω2 sin(β2t) + π

∞∑
γ=1

J21(R1κγ )A1(rκγ )J21(R1κγ ) – J21(R2κγ )
× 1

λ

∞∑
i=0

i∑
q=0

i!
q!(i – q)!

(
–νκ2γ

λ

)i
λ
qr
∫ t
0 [ω1 sin[β1(t – τ )]

J1(R2κγ )J1(R1κγ )
– ω2 sin[β2(t – τ )]][Gα,δq–i,i+1(–λ–1, τ ) + λGα,δq–i+α,i+1(–λ–1, τ )]dτ
+ π2
2

∞∑
γ=1

κγ J21(R1κγ )A1(rκγ )J21(R1κγ ) – J21(R2κγ ) ×
1
λ

∞∑
i=0

i∑
q=0

i!
q!(i – q)!

(
–νκ2γ

λ

)i
λ
qr P0[A1(R1κγ ) – A1(R2κγ )]

∫ t
0 [sin[ω(t – τ )][Gα,δq–i,i+1(–λ–1, τ ) + λGα,δq–i+α,i+1(–λ–1, τ )]dτ

(23)

Where
Gd,e,f (c, t) =

∞∑
j=0

(f )jcjt(j+f )d–e–1(Γ(j + f )d – e)j!
G is the generalized function and (f )j is the Pochhammer polynomial given in [11].
If it is presumed that, in the absence of a pressure gradient, the motion is exhibited on account of oscilla-
tion in the outer cylinder while the inner cylinder remains stationary, the velocity’s manifestation given in
eq. (23) becomes the same as the solutions posited in [8].

5 Shear Stress
Putting Laplace transform in eq.(9) we obtain,

τ (r, s) = µ(1 + λrsδ)(1 + λsα)
(

∂

∂r –
1
r
)
v(r, s) (24)

Plugging eq. (22) in eq. (24), achieved equation is:
τ (r, s) =µ(1 + λrsδ)(1 + λsα)

2R1R2(R22 – R21)r2
(R1ω2β2s2 + β22

– R2ω1β1s2 + β21

)

+ µπ

∞∑
γ=1

J21(R1κγ )[2r A1(rκγ ) – κγA1(rκγ]J21(R1κγ ) – J21(R2κγ )
[

ω2β2s2 + β22
– ω1β1s2 + β21

J1(R2κγ )J1(R1κγ )
]

× s(1 + λrsδ)s + λsα+1 + κ2γν + κ2γνλrsδ +
µπ

2
∞∑
γ=1

κγ J21(R1κγ )[2r A1(rκγ ) – κγA1(rκγ]J21(R1κγ ) – J21(R2κγ )
ρP0ω[A1(R1κγ ) – A1(R2κγ )](s2 + ω2) × (1 + λrsδ)s + λsα+1 + κ2γν + κ2γνλrsδ

(25)
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Similarly, taking assistance of the generalized R function [17], the equation provided hereinafter is pro-
cured,

τ (r, t) = 2R1R2
λ(R22 – R21)r2

∫ t
0 [R1ω2 sinβ2(t – τ ) – R2ω1 sinβ1(t – τ )][Rα,0(–λ–1, t) + λrRα,δ(–λ–1, t)]dτ

+ µπ

λ

∞∑
γ=1

J21(R1κγ )[2r A1(rκγ ) – κγA1(rκγ]J21(R1κγ ) – J21(R2κγ ) × 1
λ

∞∑
i=0

i∑
q=0

i!
q!(i – q)!

(
–νκ2γ

λ

)i
λ
qr

∫ t
0 [ω2 sin[β2(t – τ )] – ω1 sin[β1(t – τ )]

J1(R2κγ )J1(R1κγ ) ]
[Gα,δq–i,i+1(–λ–1, τ ) + λrGα,δq+δ–i,i+1(–λ–1, τ )]dτ – µπ

2λ
∞∑
γ=1

J21(R1κγ )[2r A1(rκγ ) – κγA1(rκγ )]J21(R1κγ ) – J21(R2κγ )
1
λ

∞∑
i=0

i∑
q=0

i!
q!(i – q)!

(
–νκ2γ

λ

)i
λ
qr κγP0[A1(R1κγ ) – A1(R2κγ )]

×
∫ t
0 [sin[ω(t – τ )][Gα,δq–i,i+1(–λ–1, τ ) + λrGα,δq–i+α,i+1(–λ–1, τ )]dτ

(26)

where
Rl,m(c, t) =

∞∑
j=0

cjt(j+1)m–l–1
Γ[(j + 1)l –m]

During the course of the oscillation in the outer cylinder, where the inner cylinder is considered stationary,
whereas the pressure gradient is absent, the shear stress’ equation in eq. (26) conforms with the previous
results given in Shin and Kang 2016 [8].

6 Results and Discussions
The analytical solution for the velocity profile and shear stress for the flow of fractionalized Oldroyd-B
fluid in oscillating coaxial cylinders is investigated using Caputo fractional differential operator, and inte-
gral transform; (i.e Laplace transform and the Finite Hankel transform). Cylinders are initially at rest and
as the cylinders start oscillating, the fluid moves due to the applied oscillating pressure gradient. In this
work, we investigated the impact of several parameters, including the amplitude ω1 and ω2, frequencies
β1, β2, time relaxation λ, time retardatione λr , the kinematic viscosity ν, and the fractional parameter α.
The consequences of these variables on the velocity of the fluid and shear stress are defined in eq. (23)
and eq.(26) correspondingly. Entire figures are used in SI unit and the roots are estimated by κγ = (2n–1)π(R2–R1) .To validate the physical appearance of the results achieved in different situations, graphical depictions
of the velocity profile and the stress were generated for different values of t and substantial parameters,
against r via Mathematica 7. The impact of time on the momentum of fluid is exemplified in Fig. 2, which
shows that the velocity is decreasing whereas the shear stress is spotted to increase with increasing time.
Oscillation of the cylinders enhances the velocity of the fluid at the inlet, however, it decreases as the fluid
travels towards an exit. Fig 3 demonstrates that increasing the oscillation of the inner cylinder β1 fixing
β2 = 1 ms–1, the velocity of the fluid drops with decreasing the absolute value of shear stress. However,
the contrary behaviour is noticed for the oscillation of an outer cylinder which is depicted in Fig 4. The
trends show increasing behaviours initially and then at r = 0.47 m, it drops suddenly due to the oscillating
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pressure gradient. Furthermore, Fig 5 clarifies the effect of amplitude and explains that the inner cylin-
der omega1 enhances the fluid’s velocity whilst reducing the shear stress. The and stress and the velocityprofile also enhances the amplitude of the outer cylinder ω2 and is described in Fig 6. The converse corre-lation between kinematic viscosity and velocity due to the oscillating pressure gradient is discussed in Fig
7, which indicates that the more the viscous fluid, the less velocity and more shear stress is required. The
result validates the physics that shows the fact that increasing the viscosity proposes aversion in the fluid,
that lessens the velocity. Fig. 8 reveals impact of the relaxation parameter λ, which shows that increasing
the λ, enhances the stress and the velocity profile. This can be accredited to viscous effects become fragile
with an increase in the λ. Fig. 9 states that the effect of time retardation λr has inverse behaviour on thefluid. Lastly, significance of the parameter of the fractional operator is depicted in fig. 10. It can be noticed,
by intensifying the value of α the velocity enhances and the shear stress drops. For entire parameters, we
can notice the higher fluid velocity at the inner cylinder, however, it reduces as it flows to the outer cylin-
der. The coherence in the results is observed for several parameters and the graphical demonstration is
in good agreement with the previous work investigated [12].

Figure 2. Velocity profile and Shear stress for numerous values of t with R1 = 310 ,R2 = 12 ,ω1 = 1.0, ω2 = 1.0, β1 = 1.0,
β2 = 1.0, ω = 1.0, λ = 4.0, λr = 2.0, ν = 0.55660, µ = 1.01, p0 = 0.420, δ = 12 and α = 45 .

Figure 3. Velocity profile and Shear stress for numerous values of β1 with R1 = 310 ,R2 = 12 ,ω1 = 1.0, ω2 = 1.0, t = t = 2110 ,
β2 = 1.0, ω = 1.0, λ = 4.0, λr = 2.0, ν = 0.55660, µ = 1.01,p0 = 0.420, δ = 12 , and α = 45 .
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Figure 4. Velocity profile and shear stress for numerous values of β2 with R1 = 310 ,R2 = 12 ,ω1 = 1.0, ω2 = 1.0, β1 = 1.0,t = t = 2110 , ω = 1.0, λ = 4.0, λr = 2.0, ν = 0.55660, µ = 1.01 p0 = 0.420, δ = 12 , and α = 45 .

Figure 5. Velocity profile and Shear stress for numerous values of ω1 with R1 = 310 ,R2 = 12 ,t = t = 2110 , ω2 = 1.0, β1 = 1.0,
β2 = 1.0, ω = 1.0, λ = 4.0, λr = 2.0, ν = 0.55660, µ = 1.01,p0 = 0.420, δ = 12 and α = 45 .

Figure 6. Velocity profile and Shear stress for numerous values of ω2 with R1 = 310 ,R2 = 12 ,t = t = 2110 , ω2 = 1.0, β1 = 1.0,
β2 = 1.0, ω = 1.0, λ = 4.0, λr = 2.0, ν = 0.55660, µ = 1.01,p0 = 0.420, δ = 12 , and α = 45 .
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Figure 7. Velocity profile and Shear stress for numerous values of ν with R1 = 310 ,R2 = 12 ,ω1.0 = 1, ω2 = 1.0, β1 = 1.0,
β2 = 1.0, ω = 1.0, λ = 4.0, λr = 2.0, t = t = 2110 , µ = 1.01, p0 = 0.420, δ = 12 , and α = 45 .

Figure 8. Velocity profile and Shear stress for numerous values of λ with R1 = 310 ,R2 = 12 ,ω1 = 1.0, ω2 = 1.0, β1 = 1.0,
β2 = 1.0, ω = 1.0, t = t = 2110 , λr = 2.0, ν = 0.55660, µ = 1.01,p0 = 0.420, δ = 12 , and α = 45 .

Figure 9. Velocity profile and Shear stress for numerous values of λr with R1 = 310 ,R2 = 12 ,ω1 = 1.0, ω2 = 1.0, β1 = 1.0,
β2 = 1.0, ω = 1.0, λ = 4.0, t = t = 2110 , ν = 0.55660, µ = 1.01,p0 = 0.420, δ = 12 and α = 45 .
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Figure 10. Velocity profile and Shear stress for numerous values of α with R1 = 310 ,R2 = 12 ,ω1 = 1.0, ω2 = 1.0, β1 = 1.0,
β2 = 1.0, ω = 1.0, λ = 4.0, λr = 2.0, ν = 0.55660, µ = 1.01, p0 = 0.420, δ = 12 , and t = 2110 .

7 Discussion and conclusions
In the current research work, the articulation for the stress and the velocity distribution of fractionalized
Oldroyd-B fluid utilizing the caputo operator with integral tranforms are achieved. The movement of the
fluid is assumed to be oscillating due to cylinders oscillation and also the oscillating pressure gradient. The
results are proposed are in series and integral form of R and G functions. The constitutive equations and
the corresponding conditions(i.e, initial and boundary conditions) are identically satisfied.

• The motion of fluid exhibits comparatively more acceleration at the inlet of the cylinder than at the
outlet.

• The velocity of fluid experiences decline while escalation is manifested in shear stress (absolute val-
ues) with time.

• The influence of β1 and β2 on fluid’s velocity and shear stress show opposite behavior.
• The amplitude of the inner cylinder and outer cylinder, i.e ω1 and ω2, have an analogous effect on
the velocity and shear stress of fluid.

• The kinematic viscosity’s value is directly proportional to the value of shear stress, however, it is
inversely proportional to the pace of velocity.

• The effects of both non-Newtonian parameters, i.e λ and λr , manifest opposite results on the fluid’s
motion.

• The velocity and shear stress (in absolute values) are increasing functions of fractional parameters.
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